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Fixed operator and oscillating Dirichlet data

For a vector-function u = (us, ..., uy) define the operator

(Lu)i = =DalAG’ ()Dsuy] := =V - [AX)Vu(x)]-
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Fixed operator and oscillating Dirichlet data

For a vector-function u = (us, ..., uy) define the operator

(Lu)i = =DalAG’ ()Dsuy] := =V - [AX)Vu(x)]-

e D C RY (d>2)is a bounded domain,
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Fixed operator and oscillating Dirichlet data

For a vector-function u = (us, ..., uy) define the operator

(Lu)i = —Dal A5 (-)Dguj] := =V - [A(X)Vu(x)]
e D C RY (d>2)is a bounded domain,

o g(x,y): 0D x RY — CN is Z9-periodic in y, i.e.

g(x,y)=g(x,y +h), hez
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Fixed operator and oscillating Dirichlet data

For a vector-function u = (us, ..., uy) define the operator

(Lu)i = =DalAG’ ()Dsuy] := =V - [AX)Vu(x)]-

e D C RY (d>2)is a bounded domain,
o g(x,y): 0D x RY — CN is Z9-periodic in y, i.e.

g(x,y)=g(x,y +h), hez

The problem:

Lu. =0 in D,
us(x) = g(x,x/e) on D .
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Fixed coefficients and oscillating Dirichlet data

@ D is bounded, smooth and strictly convex domain,

Hayk Aleksanyan Boundary value homogenization of Dirichlet problem for divergen



Fixed coefficients and oscillating Dirichlet data

@ D is bounded, smooth and strictly convex domain,

@ the operator is uniformly elliptic and coefficients are smooth,
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Fixed coefficients and oscillating Dirichlet data

@ D is bounded, smooth and strictly convex domain,

@ the operator is uniformly elliptic and coefficients are smooth,
o the boundary data g is smooth.
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Fixed coefficients and oscillating Dirichlet data

@ D is bounded, smooth and strictly convex domain,
@ the operator is uniformly elliptic and coefficients are smooth,
o the boundary data g is smooth.

Let u. be the solution to the problem with fixed operator, and

boundary data g(-,-/¢), and ugp be the solution to the same
problem but with boundary data g(x) = [+ g(x,y)dy, x € OD.
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Fixed coefficients and oscillating Dirichlet data

@ D is bounded, smooth and strictly convex domain,
@ the operator is uniformly elliptic and coefficients are smooth,
o the boundary data g is smooth.

Let u. be the solution to the problem with fixed operator, and

boundary data g(-,-/¢), and ugp be the solution to the same
problem but with boundary data g(x) = [+ g(x,y)dy, x € OD.

Theorem (Pointwise estimates; J. Diff. Eq. '13, joint with H.

Shahgholian, and P. Sjslin)

For each k > d — 1 there exists a constant C,, such that

(d=1)/2
|U8(X)_UO(X)|§CHmin{17€d(X)K}7 VX€D7

where d(x) is the distance of x from the boundary of D.
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Fixed coefficients and oscillating Dirichlet data

Integrating the pointwise bound we immediately get LP-estimates
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Fixed coefficients and oscillating Dirichlet data

Integrating the pointwise bound we immediately get LP-estimates

For each 1 < p < 00 and each k < ﬁ there exists a constant C,
such that

||ue — U0||LP(D) < Ge"™.
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...continuing (beyond strict convexity)

From the methods of the proof of Pointwise bounds we have.
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..continuing (beyond strict convexity)

From the methods of the proof of Pointwise bounds we have.

Corollary?2

Assume D is a bounded and smooth domain in RY, such that there
is an integer 1 < m < d — 1 for which at any x € 9D at least m of
the principal curvatures of 9D are non-zero.
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..continuing (beyond strict convexity)

From the methods of the proof of Pointwise bounds we have.

Corollary?2

Assume D is a bounded and smooth domain in RY, such that there
is an integer 1 < m < d — 1 for which at any x € 9D at least m of
the principal curvatures of 9D are non-zero.

Then, for each ¥ > m we have

(a)

m/?2
|us(x) — uop(x)| < G min {1, ; } , Vx € D.
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..continuing (beyond strict convexity)

From the methods of the proof of Pointwise bounds we have.

Corollary?2

Assume D is a bounded and smooth domain in RY, such that there
is an integer 1 < m < d — 1 for which at any x € 9D at least m of
the principal curvatures of 9D are non-zero.

Then, for each ¥ > m we have
(a)
. Em/2
|us(x) — up(x)| < CGeming 1, 00 [ Vx € D.

(b) Foreach 1 < p < oo and each k < % there exists a constant
C,. such that

||ue — wol|rp(py < Cre™.
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...continuing (why strictly convex?)
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..continuing (why strictly convex?)

Assume D C RY(d > 2) is a bounded domain with smooth

boundary, such that the Gaussian curvature of @D is nowhere
vanishing.
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...continuing (why strictly convex?)

Claim

Assume D C RY(d > 2) is a bounded domain with smooth
boundary, such that the Gaussian curvature of @D is nowhere
vanishing.

Then all principal curvatures of @D are strictly positive, and D is
strictly convex.
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...continuing (why strictly convex?)

Claim

Assume D C RY(d > 2) is a bounded domain with smooth
boundary, such that the Gaussian curvature of @D is nowhere
vanishing.

Then all principal curvatures of @D are strictly positive, and D is
strictly convex.

Boundedness of D = dx € 9D where all principal curvatures are
positive.
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...continuing (why strictly convex?)

Claim

Assume D C RY(d > 2) is a bounded domain with smooth
boundary, such that the Gaussian curvature of @D is nowhere
vanishing.

Then all principal curvatures of @D are strictly positive, and D is
strictly convex.

Boundedness of D = dx € 9D where all principal curvatures are
positive.

Hence, they have to remain positive everywhere, as otherwise the
Gaussian curvature will vanish at some point.
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...continuing (why strictly convex?)

Claim

Assume D C RY(d > 2) is a bounded domain with smooth
boundary, such that the Gaussian curvature of @D is nowhere
vanishing.

Then all principal curvatures of @D are strictly positive, and D is
strictly convex.

Boundedness of D = dx € 9D where all principal curvatures are
positive.

Hence, they have to remain positive everywhere, as otherwise the
Gaussian curvature will vanish at some point.

All principal curvatures are positive => D is locally convex.
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...continuing (why strictly convex?)

Assume D C RY(d > 2) is a bounded domain with smooth
boundary, such that the Gaussian curvature of @D is nowhere
vanishing.

Then all principal curvatures of @D are strictly positive, and D is
strictly convex.

Boundedness of D = dx € 9D where all principal curvatures are
positive.

Hence, they have to remain positive everywhere, as otherwise the
Gaussian curvature will vanish at some point.

All principal curvatures are positive => D is locally convex.

Use Tietze-Nakajima's theorem (1928) to pass from local to global
convexity.
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..continuing (non optimality of L2 bound)

the domain D is strictly convex.
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..continuing (non optimality of L? bound)

the domain D is strictly convex.

An observation

For constant coefficients our setting is identical to the one by
Gérard-Varet and Masmoudi (Acta Math. '12) (oscillating operator
and oscillating Dirichlet data)
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..continuing (non optimality of L? bound)

the domain D is strictly convex.

An observation

For constant coefficients our setting is identical to the one by
Gérard-Varet and Masmoudi (Acta Math. '12) (oscillating operator
and oscillating Dirichlet data)

Comparing L? rates we get > 3d+5 for d < 8.
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..continuing (non optimality of L? bound)

the domain D is strictly convex.

An observation

For constant coefficients our setting is identical to the one by
Gérard-Varet and Masmoudi (Acta Math. '12) (oscillating operator
and oscillating Dirichlet data)

Comparing L? rates we get for d < 8.

> 3d+5

: : d—1 - .
The conclusion is that 3775 is not optimal in general.
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..continuing (non optimality of L? bound)

the domain D is strictly convex.

An observation

For constant coefficients our setting is identical to the one by
Gérard-Varet and Masmoudi (Acta Math. '12) (oscillating operator
and oscillating Dirichlet data)

Comparing L? rates we get > 3d+5 for d < 8.

tdl

The conclusion is tha 3975

is not optimal in general.

But neither is %.
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Fixed coefficients and oscillating Dirichlet data

Theorem (Lp estimates; ARMA '15, joint with H. Shahgholian, and P.

Sjélin)

For each 1 < p < oo there exists a constant C, such that

81/2p’ d=2,
lue = wolle(py < Co | (el Ine)V/P,  d =3,
gl/p, d > 4.

Hayk Aleksanyan Boundary value homogenization of Dirichlet problem for divergen



Fixed coefficients and oscillating Dirichlet data

Theorem (Lp estimates; ARMA '15, joint with H. Shahgholian, and P.

Sjélin)

For each 1 < p < oo there exists a constant C, such that

81/2p’ d=2,
e — tollLapy < Co 4 (el Ine)/?, d =3,
el/p d> 4.

Theorem (Optimality of LP-convergence rate; ibid)

Let N =1, and assume that g depends only on its periodic
variable. Then for each 1 < p < oo there exists a constant C,
independent of €, such that

lue — uollo(py > Coe'Pllg — Ell oo (9
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From fixed operator to oscillating

Define P = x,(0, ..., 1, ...,0) € RN with 1 in the k-th position,
1<k<N,1<~vy<d. Let L be the adjoint of L..
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From fixed operator to oscillating

Define P = x,(0, ..., 1, ...,0) € RN with 1 in the k-th position,
1<k<N,1<~vy<d. Let L be the adjoint of L..

Theorem (homogenization of the oscillating problem; ibid)

Let d > 3, and assume that E;(PZ) =0foralll1< k<N, and

1 < v < d. Then there exists a boundary term g* so that if ug is
the solution of the oscillating problem with boundary data g* then
for any 1 < p < oo one has

llus = wollir(py < Cp(elin(1/€)]?)M*.
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From fixed operator to oscillating

Define P = x,(0, ..., 1, ...,0) € RN with 1 in the k-th position,
1<k<N,1<~vy<d. Let L be the adjoint of L..

Theorem (homogenization of the oscillating problem; ibid)

Let d > 3, and assume that E:(PZ) =0foralll1< k<N, and

1 < v < d. Then there exists a boundary term g* so that if ug is
the solution of the oscillating problem with boundary data g* then
for any 1 < p < oo one has

llus = wollir(py < Cp(elin(1/€)]?)M*.

Set v} .(x) = (A7, ...,AZ;j)(x), x € RY, where 1 < k,i < N,
1 <~ <d. Then Lf(P]) =0 is equivalent to

div(v) )(x) =0,  xeR? 1<ki<N,1<y<d,
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From fixed operator to oscillating

Define P = x,(0, ..., 1, ...,0) € RN with 1 in the k-th position,
1<k<N,1<~vy<d. Let L be the adjoint of L..

Theorem (homogenization of the oscillating problem; ibid)

Let d > 3, and assume that E:(PZ) =0foralll1< k<N, and

1 < v < d. Then there exists a boundary term g* so that if ug is
the solution of the oscillating problem with boundary data g* then
for any 1 < p < oo one has

llus = wollir(py < Cp(elin(1/€)]?)M*.

Set v} .(x) = (A7, ...,AZ;j)(x), x € RY, where 1 < k,i < N,
1 <~ <d. Then Lf(P]) =0 is equivalent to

div(v) )(x) =0,  xeR? 1<ki<N,1<y<d,

For scalar equations (N = 1) the condition means that rows of A
must be divergence free vector fields.
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From fixed operator to oscillating

The proof is based on our method for fixed operator combined
with a result due to Kenig-Lin-Shen (CPAM '14) for oscillating
operator and fixed data.
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From fixed operator to oscillating

The proof is based on our method for fixed operator combined
with a result due to Kenig-Lin-Shen (CPAM '14) for oscillating
operator and fixed data.

We can compute the homogenized boundary data in this case.
Set

h(y) := (hi(¥))nxn = (A% na(y)ns(y)), v € aD.
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From fixed operator to oscillating

The proof is based on our method for fixed operator combined
with a result due to Kenig-Lin-Shen (CPAM '14) for oscillating
operator and fixed data.

We can compute the homogenized boundary data in this case.
Set

h(y) := (hi(¥))nxn = (A% na(y)ns(y)), v € aD.

Then for g*(y) = (glfk(y))f\’:1 we have
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From fixed operator to oscillating

The proof is based on our method for fixed operator combined
with a result due to Kenig-Lin-Shen (CPAM '14) for oscillating
operator and fixed data.

We can compute the homogenized boundary data in this case.
Set

h(y) == (hi(y))nxn = (A% na(y)ns(y)), vy € aD.
Then for g*(y) = (g7 (y))Y; we have

g (y) = hi()na()ns(y) Y em(A)eemlgiiy), v €D,

mezd

where n(y) = (na(y))9_; is the unit outward normal at y.
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The proof of lower bounds
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The proof of lower bounds

The Poisson kernel P for the operator —V - AV satisfies

dist(x, D)

Pyl S Xy XD yeaD.
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The proof of lower bounds

The Poisson kernel P for the operator —V - AV satisfies

dist(x, D)

Pyl S Xy XD yeaD.

If usolves =V - A(x)Vu(x) =0in D and u(x) = g(x) on 9D then
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The proof of lower bounds

The Poisson kernel P for the operator —V - AV satisfies

dist(x, D)

Pyl S Xy XD yeaD.

If usolves =V - A(x)Vu(x) =0in D and u(x) = g(x) on 9D then

Concentration inequality
There are positive constants ¢y, Cy depending on A, D and d only,
s.t. for any 9 > 0 small and any & € 9D one has

lu(x) — 2(6)] < =lglle + CobLin(e),

for all x € D with |x — | < 0.
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The proof of lower bounds

The Poisson kernel P for the operator —V - AV satisfies

dist(x, D)

P(x,y)| <
Pl £

~

, xe D, yeaD.

If usolves =V - A(x)Vu(x) =0in D and u(x) = g(x) on 9D then

Concentration inequality

There are positive constants ¢y, Cy depending on A, D and d only,
s.t. for any 9 > 0 small and any & € 9D one has

lu(x) — 2(6)] < =lglle + CobLin(e),

for all x € D with |x — | < 0.

The proof is via integral representation of u and the distance
estimate for P.
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The proof of lower bounds

Choosing § = ape with ag > 0 a small constant, we see that

—_

1 . 1
|ue(x) — 8:(8)[ < llgllLoo (1) + Coaoelip(g)— < Z||g||Loo(1rd),

e

for V¢ € 0D and Vx € D satisfying |x — £| < ape.
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The proof of lower bounds

Choosing § = ape with ag > 0 a small constant, we see that

—_

1 . 1
|us(x) — &:(8)] < lgll oo ey + C030€L1P(g)g < Z||g||Loo(1rd),

for V¢ € 0D and Vx € D satisfying |x — £| < ape.

The conclusion

If |g=(&)| is large then |uz(x)| remains large in e-neighbourhood of
&€ oD.
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The proof of lower bounds

Choosing § = ape with ag > 0 a small constant, we see that

—_

1 . 1
|ue(x) — 8:(8)[ < llgllLoo (1) + Coaoelip(g)— < Z||g||Loo(1rd),

e

for V¢ € 0D and Vx € D satisfying |x — £| < ape.

The conclusion

If |g-(&)| is large then |uc(x)| remains large in e-neighbourhood of
&€ oD.

We need to understand the distribution of g. on 9D, or
equivalently éaD mod Z9.

Hayk Aleksanyan Boundary value homogenization of Dirichlet problem for divergen



The proof of lower bounds

Equidistribution of scaled surfaces

Let D C RY be a bounded domain which is strictly convex and has
smooth boundary. Then for any ball B ¢ T one has

B = lim o{x€0D: Ax mod Z? € B}
A—00 O’(@D) ’
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The proof of lower bounds

Equidistribution of scaled surfaces

Let D C RY be a bounded domain which is strictly convex and has
smooth boundary. Then for any ball B ¢ T one has

1B| = I o{x€dD: Ax mod Z9 ¢ B}
P o(0D)

For each non-zero m € Z9 one has

/ e27ri/\x-md0_(x)
oD

where the last estimate is due to convexity.

[F(Am)| < (Alm][)~=D/72,
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The proof of lower bounds

Equidistribution of scaled surfaces

Let D C RY be a bounded domain which is strictly convex and has
smooth boundary. Then for any ball B ¢ T one has

1B| = I o{x€dD: Ax mod Z9 ¢ B}
P o(0D)

For each non-zero m € Z9 one has

/ e27ri/\x-md0_(x)
oD

where the last estimate is due to convexity.
From here (through Fourier expansion) for any f € C®(T?) we get

1
/]I‘d f(x)dx = (D) /6D f(Ax)do(x).
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[F(Am)| < (Alm][)~=D/72,




The proof of lower bounds
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The proof of lower bounds

To pass to Ig (which is now defined on T9) fix a sequence of
functions f,, F, € C>(T9) s.t.
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The proof of lower bounds

To pass to Ig (which is now defined on T9) fix a sequence of
functions f,, F, € C>(T9) s.t.

(a) fa(x) <Ip(x) < Fp(x) for all x € T9,
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The proof of lower bounds

To pass to Ig (which is now defined on T9) fix a sequence of
functions f,, F, € C>(T9) s.t.

(a) fa(x) <Ip(x) < Fp(x) for all x € T9,

(b) Jpa(Fa(x) — fa(x))dx — 0, n — 0o.
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The proof of lower bounds

To pass to Ig (which is now defined on T9) fix a sequence of
functions f,, F, € C>(T9) s.t.

(a) fa(x) <Ip(x) < Fp(x) for all x € T9,
(b) Jpa(Fa(x) — fa(x))dx — 0, n— oo.

Hence, using the case of smooth function proved above, we get

1
/Td Ig(x)dx = (D) /aD Ig(Ax)do(x),

and we are done.
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The proof of lower bounds

Assume [r4 g(x)dx = 0.
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The proof of lower bounds

Assume [ g(x)dx = 0. Hence up = 0 (the homogenized
solution).

Hayk Aleksanyan Boundary value homogenization of Dirichlet problem for divergen



The proof of lower bounds

Assume [ g(x)dx = 0. Hence up = 0 (the homogenized
solution).
Consider the set

B={xeT": |g(x)| > llgllLe(re)/2}-

WLOG, we may assume that B is a ball.
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The proof of lower bounds

Assume [ g(x)dx = 0. Hence up = 0 (the homogenized
solution).
Consider the set

B={xeT": |g(x)| > llgllLe(re)/2}-

WLOG, we may assume that B is a ball.
Then, for € > 0 small we have
o{x€dD: (1/e)x mod Z¢c B} 1

o(9D) ~ 3

|BI.
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The proof of lower bounds

Assume [ g(x)dx = 0. Hence up = 0 (the homogenized
solution).
Consider the set

B={xeT": |g(x)| > llgllLe(re)/2}-

WLOG, we may assume that B is a ball.
Then, for € > 0 small we have
o{x€dD: (1/e)x mod Z¢c B} 1

o(9D) ~ 3

|Bl.
Fix y € 9D such that |g-(y)| > ||g]||1e=/2. Hence

1 1
lus(x)| > [ge(y)] — |ue(x) — ge(¥)| = Sllglles — ZHgHLw,

for all |x — y| < age.
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The proof of lower bounds

Assume [ g(x)dx = 0. Hence up = 0 (the homogenized
solution).
Consider the set

B={xeT": |g(x)| > llgllLe(re)/2}-

WLOG, we may assume that B is a ball.
Then, for € > 0 small we have
o{x€dD: (1/e)x mod Z¢c B} 1

o(9D) ~ 3

|Bl.
Fix y € 9D such that |g-(y)| > ||g]||1e=/2. Hence

1 1
lus(x)| > [ge(y)] — |ue(x) — ge(¥)| = Sllglles — ZHgHLw,

for all |x — y| < age. Thus, on a fixed portion of an
e-neighbourhood of D we get |u.| 2 .
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The proof of lower bounds

Assume [ g(x)dx = 0. Hence up = 0 (the homogenized
solution).
Consider the set

B={xeT": |g(x)| > llgllLe(re)/2}-

WLOG, we may assume that B is a ball.
Then, for € > 0 small we have
o{x€dD: (1/e)x mod Z¢c B} 1

o(9D) ~ 3

|Bl.
Fix y € 9D such that |g-(y)| > ||g]||1e=/2. Hence

1 1
lus(x)| > [ge(y)] — |ue(x) — ge(¥)| = Sllglles — ZHgHLw,

for all |x — y| < age. Thus, on a fixed portion of an
e-neighbourhood of 9D we get |u:| = €. Integrating on that
portion gives the desired lower bound.
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The strategy of the proof of upper bounds
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The strategy of the proof of upper bounds

o Poisson representation
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The strategy of the proof of upper bounds

o Poisson representation

ue(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.
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The strategy of the proof of upper bounds

o Poisson representation

ue(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.

o Competing quantities
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The strategy of the proof of upper bounds

o Poisson representation

ue(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.

o Competing quantities

(a) Singularity (regularity) of the Poisson kernel
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The strategy of the proof of upper bounds

o Poisson representation

ue(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.

o Competing quantities

(a) Singularity (regularity) of the Poisson kernel
(b) Cancellations coming from [,5[g:-(y) — go(y)lda(y).
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The strategy of the proof of upper bounds

o Poisson representation
u=(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.

o Competing quantities

(a) Singularity (regularity) of the Poisson kernel
(b) Cancellations coming from [,5[g:-(y) — go(y)lda(y).

@ Determining factors
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The strategy of the proof of upper bounds

o Poisson representation
u=(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.

o Competing quantities

(a) Singularity (regularity) of the Poisson kernel
(b) Cancellations coming from [,5[g:-(y) — go(y)lda(y).

@ Determining factors

use PDE + the geometry of the boundary to quantify (a) and

(b)
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The strategy of the proof of upper bounds

o Poisson representation

ue(x) — uo(x) =8{3 P(x,y)lg:(y) — go(y)ldo(y), x € D.

o Competing quantities

(a) Singularity (regularity) of the Poisson kernel
(b) Cancellations coming from [,5[g:-(y) — go(y)lda(y).

@ Determining factors

use PDE + the geometry of the boundary to quantify (a) and
(b)

careful trade-off between (a) and (b).
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The scheme of the proof: Reduction to local graphs
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function.
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function. Hence, 9y > 0 small
s.t. Vz € 9D IR : RY — RY orthogonal transformation s.t.
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function. Hence, 9y > 0 small
s.t. Vz € 9D IR : RY — RY orthogonal transformation s.t.

R(OD = 2)N B(0,r0) = {(y", ¥(y)) : Iy'| <10r0} N B(0, ro),
where y/ = (yla "-7yd71) € Rdilr 1/}(0) = Ww(o)‘ =0and
Hess)(0) = diag(ai, ..., ad—1),

with 0 < ¢p < a1 < ... < ay_1 < G (lower bound due to
convexity).
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function. Hence, 9y > 0 small
s.t. Vz € 9D IR : RY — RY orthogonal transformation s.t.

R(OD = 2)N B(0,r0) = {(y", ¥(y)) : Iy'| <10r0} N B(0, ro),
where y/ = (yla "-7yd71) € Rdilr 1/}(0) = Ww(o)‘ =0and
Hess)(0) = diag(ai, ..., ad—1),

with 0 < ¢p < a1 < ... < ay_1 < G (lower bound due to
convexity). Fix 6 > 0 and K; < 1 small s.t.
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function. Hence, 9y > 0 small
s.t. Vz € 9D IR : RY — RY orthogonal transformation s.t.

R(OD = 2)N B(0,r0) = {(y", ¥(y)) : Iy'| <10r0} N B(0, ro),
where y/ = (yla "-7yd71) € Rdilr 1/}(0) = ’Vw(o)‘ =0and
Hess)(0) = diag(ai, ..., ad—1),

with 0 < ¢p < a1 < ... < ay_1 < G (lower bound due to
convexity). Fix 6 > 0 and K; < 1 small s.t.

(a) Kily'| < IVY(y)| < Kalyol for all [y'] < &6
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function. Hence, 9y > 0 small
s.t. Vz € 9D IR : RY — RY orthogonal transformation s.t.

R(OD = 2)N B(0,r0) = {(y", ¥(y)) : Iy'| <10r0} N B(0, ro),
where y/ = (yla "-7yd71) € Rdilr 1/}(0) = ’Vw(o)‘ =0and
Hess)(0) = diag(ai, ..., ad—1),

with 0 < ¢p < a1 < ... < ay_1 < G (lower bound due to
convexity). Fix 6 > 0 and K; < 1 small s.t.

(2) Kaly'| < Vo ()| < Kalya| for all |y'] < 5326
(b) |Hessy(y') — Hessy(0)] < 15554 for all [y'| < 1004,
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The scheme of the proof: Reduction to local graphs

0D is locally a graph of a smooth function. Hence, 9y > 0 small
s.t. Vz € 9D IR : RY — RY orthogonal transformation s.t.

R(OD = 2)N B(0,r0) = {(y", ¥(y)) : Iy'| <10r0} N B(0, ro),
where y/ = (yla "-7yd71) € Rdilr 1/}(0) = ’Vw(o)‘ =0and
Hess)(0) = diag(ai, ..., ad—1),

with 0 < ¢p < a1 < ... < ay_1 < G (lower bound due to
convexity). Fix 6 > 0 and K; < 1 small s.t.

(a) Kily'| < [Ve(y)| < Kalya| for all |y'| < 720

(b) |Hessy(y') — Hessy(0)] < 15554 for all [y'| < 1004,

(c) Vi : B(0,9) — M is one-to-one and onto for some
M > B(0, Ki4).
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The scheme of the proof: Reduction to local graphs

For L = 4% and a function ¢ € C5°(B(z, L5)), where z € 0D,
consider

() = /B Plyle )~ E)lely)da(y)
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The scheme of the proof: Reduction to local graphs

For L = 4% and a function ¢ € C5°(B(z, L5)), where z € 0D,
consider

() = /B Plyle )~ E)lely)da(y)

Translating the origin onto z and rotating the coordinate system
by R, we may assume WLOG, that z =0 and R = Id. Thus,
passing to volume integral in | we get

109 = [ PO0 o0 Dle: — 800 NE N
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The scheme of the proof: Reduction to oscillatory integrals

g is smooth, hence

g - g/ )= X o e [T ()]

meZ9\{0}
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The scheme of the proof: Reduction to oscillatory integrals

g is smooth, hence

g - g/ )= X o e [T ()]

meZ9\{0}

Plugging this expansion into /(x), things are reduced to decay
estimates for integrals of the form

S = [ PO 0OV b NexplAF(y )y

ly’'|<Ls

as 1/e =1 A — oo,
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The scheme of the proof: Reduction to oscillatory integrals

g is smooth, hence

g - g/ )= X o e [T ()]

meZ9\{0}

Plugging this expansion into /(x), things are reduced to decay
estimates for integrals of the form

S = [ PO 0OV b NexplAF(y )y

ly’'|<Ls

as 1/e =1 X\ — oo, where F(y') =n"-y' + ngp(y'), |(n', ng)| = 1,
and ® =0 on |y/| = L.
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The scheme of the proof: Critical points of the phase

Case 1: |n'| > K10/2.
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The scheme of the proof: Critical points of the phase

Case 1: |n'| > K10/2. Then, for all |y’| < L§ we have

VW) = In"+ naVip(y')| > '] — |ng| Kaly'| >
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The scheme of the proof: Critical points of the phase

Case 1: |n'| > K10/2. Then, for all |y’| < L§ we have

VW) = In"+ naVip(y')| > '] — |ng| Kaly'| >

Thus, NO critical points on the support of ®.
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The scheme of the proof: Critical points of the phase

Case 1: |n'| > K10/2. Then, for all |y’| < L§ we have

VW) = In"+ naVip(y')| > '] — |ng| Kaly'| >

Thus, NO critical points on the support of ®.
Hence, integrating by parts in J twice we get

!
) S A2 / dy

yl<ts X = (v, 0(y)|d-1+2
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The scheme of the proof: Critical points of the phase

Case 1: |n'| > K10/2. Then, for all |y’| < L§ we have

VW) = In"+ naVip(y')| > '] — |ng| Kaly'| >

Thus, NO critical points on the support of ®.
Hence, integrating by parts in J twice we get

!
rﬂxnﬁxﬁ/ dy

yl<ts X = (v, 0(y)|d-1+2
For D, = {x € D : dist(x,0D) > £} we obtain

dw 1
J(x)|dx < X2 <) \T2D <L
Jueaiecsa? [ sai s
D,

lw|>e

Hayk Aleksanyan Boundary value homogenization of Dirichlet problem for divergen



The scheme of the proof: Critical points of the phase

Case 2: || < K10/2.
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The scheme of the proof: Critical points of the phase

Case 2: |n'| < K10/2. Since |(n', ng)| = 1 we have |ng| > 1/2,

therefore .

n K15

ng| < 2(1j2) =
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The scheme of the proof: Critical points of the phase

Case 2: |n'| < K10/2. Since |(n', ng)| = 1 we have |ng| > 1/2,

therefore .

n K15

ng| < 2(1j2) =

hence there is a unique yp € B(0,0) s.t. Vi(yo) = —,’7’—;, so
VF(yo) =0.
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The scheme of the proof: Critical points of the phase

Case 2: |n'| < K10/2. Since |(n', ng)| = 1 we have |ng| > 1/2,

therefore .

n K15

A = K1

= 2(1/2)

hence there is a unique yo € B(0,0) s.t. Vi)(yo) = —7-, so
VF(yo) =0.

Since Hessiy(y') ~ Hess(0) for |y’| < 1004, by Mean-Value
Theorem for all 1 <j < d —1 we get

)

ng

(0;F)(vo + 2)| = clzl,

if |yo + 2’| <1006 and

_ 1
Zj € C_/ = {Z/ € Rd ! . |ZJ/| Z 2\/ﬁ|zl|}
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The scheme of the proof: Critical points of the phase

The cones {C;} cover R9~1, hence there is {wj} "} a partition of

unity of R?~1\ {0} subordinate to C; and consisting of degree 0
homogeneous functions smooth away from 0.
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The scheme of the proof: Critical points of the phase

The cones {C;} cover R9~1, hence there is {wj} "} a partition of

unity of R?~1\ {0} subordinate to C; and consisting of degree 0
homogeneous functions smooth away from 0.

We now isolate the critical point of F. Fix h € C§°(R971) s.t.
h(y") =0if |y/| > 2 and h(y') =1if |y/| < 1.
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The scheme of the proof: Critical points of the phase

The cones {C;} cover R9~1, hence there is {wj} "} a partition of

unity of R?~1\ {0} subordinate to C; and consisting of degree 0
homogeneous functions smooth away from 0.

We now isolate the critical point of F. Fix h € C§°(R971) s.t.
h(y") =0if |y/| > 2 and h(y') =1if |y/| < 1.

Split J(x) := Ji(x) + J2(x), where

A= [ HOYR)PL )00 + 2)explNF (0 + 2]

[yo+2'|<Lé

d-1
JQ(X):Z / [1— h(A\Y22)w;(Z) - - - d7,

J:1|yo+z/|<L5

and z* = (yo + 2/, ¥ (yo + 2')).
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The scheme of the proof: Critical points of the phase

The (possible) critical point of the phase is in J;.
Using smallness of the support of h()\1/2-) we get

/ (%) ydx</ / A S S
D. -z |

D. |z/|<2A-1/2
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The scheme of the proof: Critical points of the phase

The (possible) critical point of the phase is in J;.
Using smallness of the support of h(\1/2.) we get

—(d-1)/2
/DE\J1(x]dx</ / Z|d1dx<)\( )2
D. [2/|<oA-1/2

In J» we are away from singularity. Integrating by parts (in the j-th
coordinate) twice implies

£3/2, d=2,
/|J2 NSA24 A, d=3,
A, d> 4

The proof is completed by observing that vol(D \ D.) ~ &
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Flat geometries

Polygon

We say that D is a polygonal domain in RY (d > 2), if it is
bounded by some finite number of hyperplanes, i.e.

N
D:ﬂ{xERd: vj-X > G},
j=1

where ¢; € R and v} € Ssd-1,
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Convex polygons

Diophantine vector

A vector v = (11, ...,v4) € RY is called Diophantine if there exists
0 < 7(v) < oo and C > 0 such that

C

m-v| > —-——
™1 > e

)

for all m = (my, ...,my) € Z9\ {0}.
We denote the set of such vectors by Q(r, C).
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Convex polygons

Diophantine vector

A vector v = (11, ...,v4) € RY is called Diophantine if there exists
0 < 7(v) < oo and C > 0 such that

C

[|m]|m)

)

|m-v| >

for all m = (my, ...,my) € Z9\ {0}.
We denote the set of such vectors by Q(r, C).

Forany 7 > d — 1 the set |J Q(, C) has full measure in any ball
c>0

of R,
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We will only consider the case of scalar equations, i.e. N =1, the
matrix of coefficients is A = (A*%), 1 < a, B < d, and the
operator L is

L(u) = —Du (A" Dgu).
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We will only consider the case of scalar equations, i.e. N =1, the
matrix of coefficients is A = (A*%), 1 < a, B < d, and the
operator L is

L(u) = —Du (A" Dgu).

o (Periodicity) The boundary function g is 1-periodic:
glx,y +h)=g(x,y), ¥xe D, y e R heZ
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We will only consider the case of scalar equations, i.e. N =1, the
matrix of coefficients is A = (A*%), 1 < a, B < d, and the
operator L is

L(u) = —Du (A" Dgu).

o (Periodicity) The boundary function g is 1-periodic:
glx,y +h)=g(x,y), ¥xe D, y e R heZ

o (Ellipticity) There exists a constant ¢ > 0 such that
Cbaba < AV (X)6als < ¢ Haba, VX €D, YEERY.
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We will only consider the case of scalar equations, i.e. N =1, the
matrix of coefficients is A = (A*%), 1 < a, B < d, and the

operator L is
L(u) = —Du (A" Dgu).

o (Periodicity) The boundary function g is 1-periodic:
glx,y +h)=g(x,y), ¥xe D, y e R heZ

o (Ellipticity) There exists a constant ¢ > 0 such that
Cbaba < AV (X)6als < ¢ Haba, VX €D, YEERY.

@ (Convexity) D is a bounded convex polygonal domain in RY,
d > 2, and for any bounding hyperplane of D its normal
vector is Diophantine.
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We will only consider the case of scalar equations, i.e. N =1, the
matrix of coefficients is A = (A*%), 1 < a, B < d, and the
operator L is
L(u) = —Du (A" Dgu).
o (Periodicity) The boundary function g is 1-periodic:

gx,y +h)=g(x,y), ¥xeD, ycRY hezd

o (Ellipticity) There exists a constant ¢ > 0 such that
Cbaba < AV (X)6als < ¢ Haba, VX €D, YEERY.

@ (Convexity) D is a bounded convex polygonal domain in RY,
d > 2, and for any bounding hyperplane of D its normal
vector is Diophantine.

@ (Smoothness) The boundary value g and all elements of A are
sufficiently smooth.
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Pointwise convergence

Choose a, > 0 so that 7/(1 + o) be the maximal angle between
any two adjacent faces of D.
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Pointwise convergence

Choose a, > 0 so that 7/(1 + o) be the maximal angle between
any two adjacent faces of D.

Theorem (Pointwise estimates; J. Fourier Anal. Appl., '14, joint with H.

Shahgholian, and P. Sjélin)

If a, > 1 set § =1, otherwise let 0 < 5 < a be any number.
Then for any § > 0 small we have

d—1

ef \TTB
|u-(x) — wo(x)| < Gs (W) , Vx € D.
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LP bounds for polygonal domains

Recall that we choose a, > 0 so that 7/(1 + «) is the maximal
angle between any two adjacent faces of D.
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LP bounds for polygonal domains

Recall that we choose a, > 0 so that 7/(1 + «) is the maximal
angle between any two adjacent faces of D. Set
_ (d—=1)min{1,a,}
d—1+min{l,a.}

Theorem (LP-estimates; ibid)

For each 1 < p < o0, and § > 0 there exists a constant C
depending on p, D, L, § but independent of £ > 0 such that

. 1
||ue — wol|ir(py < Ce™MTRI0,
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LP bounds for polygonal domains

Recall that we choose a, > 0 so that 7/(1 + «) is the maximal
angle between any two adjacent faces of D. Set
_ (d—=1)min{1,a,}
d—1+min{l,a.}

Theorem (LP-estimates; ibid)

For each 1 < p < o0, and § > 0 there exists a constant C
depending on p, D, L, § but independent of £ > 0 such that
. 1
|ue — wol|p(py < Ce™ w2,

If g depends only on its periodic variable, then we also have

||ue — wol|e(py > €78 — Bl oo (rey
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LP bounds for polygonal domains

Recall that we choose a, > 0 so that 7/(1 + «) is the maximal
angle between any two adjacent faces of D. Set
_ (d—=1)min{1,a,}
d—1+min{l,a.}

Theorem (LP-estimates; ibid)

For each 1 < p < o0, and § > 0 there exists a constant C
depending on p, D, L, § but independent of £ > 0 such that
. 1
|ue — wol|p(py < Ce™ w2,

If g depends only on its periodic variable, then we also have

||ue — wol|e(py > €78 — Bl oo (rey

For large p, the exponent 1/p is optimal.



How important is the geometry of the domain 7
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How important is the geometry of the domain 7

Let w : [0,00) — (0, 00) be any modulus of continuity, i.e.
continuous, one-to-one, and decreasing to 0 at infinity.
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How important is the geometry of the domain 7

Let w : [0,00) — (0, 00) be any modulus of continuity, i.e.
continuous, one-to-one, and decreasing to 0 at infinity.

Let the coefficient matrix A = (Ao‘fg(x))g’[ﬁ:1 : X = R9%9 be
defined on some domain X C RY (d > 2) and be such that
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How important is the geometry of the domain 7

Let w : [0,00) — (0, 00) be any modulus of continuity, i.e.
continuous, one-to-one, and decreasing to 0 at infinity.

Let the coefficient matrix A = (Ao‘fg(x))g’[ﬁ:1 : X = R9%9 be
defined on some domain X C RY (d > 2) and be such that
(A1) for each 1 < o, B < d we have AP € C®(X),

(A2) there exist constants 0 < A < A < oo such that

MEP < AP (x)eaés < NEJ2,  Wx e X, VE € RY.
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How important is the geometry of the domain 7

Let w : [0,00) — (0, 00) be any modulus of continuity, i.e.
continuous, one-to-one, and decreasing to 0 at infinity.

Let the coefficient matrix A = (Ao‘fg(x))g’[ﬁ:1 : X = R9%9 be
defined on some domain X C RY (d > 2) and be such that
(A1) for each 1 < o, B < d we have AP € C®(X),

(A2) there exist constants 0 < A < A < oo such that
MEP < AP (x)eaés < NEJ2,  Wx e X, VE € RY.
For g € C>(T9), and a bounded subdomain D C X with C*®
boundary consider the problem
-~V -A(x)Vu:(x)=0in D and us(x) = g(x/e) on 0D,

where £ > 0 is a small parameter. Let also ug be the solution to
the homogenized problem.
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How important is the geometry of the domain 7

Theorem (A., 2015)
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How important is the geometry of the domain 7

Theorem (A., 2015)

There exist bounded non-empty convex domains D C X and
D" € D with C* boundaries, and a real-valued function

g € C(T9) such that
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How important is the geometry of the domain 7

Theorem (A., 2015)

There exist bounded non-empty convex domains D C X and
D’ € D with C* boundaries, and a real-valued function

g € C°°(T9) such that for u. and ug as above, there exists a
sequence {ey }x>1 strictly decreasing to 0 so that
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How important is the geometry of the domain 7

Theorem (A., 2015)

There exist bounded non-empty convex domains D C X and
D’ € D with C* boundaries, and a real-valued function

g € C°°(T9) such that for u. and ug as above, there exists a
sequence {ey }x>1 strictly decreasing to 0 so that

(@) |ue, (x) — uo(x)] > w(1/ek), Vxe D', k=1,2,..

(b) |ue(x) — wo(x)| — 0, Vx € D, as e — 0.
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How important is the geometry of the domain 7

Theorem (A., 2015)

There exist bounded non-empty convex domains D C X and
D’ € D with C* boundaries, and a real-valued function

g € C°°(T9) such that for u. and ug as above, there exists a
sequence {ey }x>1 strictly decreasing to 0 so that

(@) |ue, (x) — uo(x)] > w(1/ek), Vxe D', k=1,2,..

(b) |ue(x) — wo(x)| — 0, Vx € D, as e — 0.

Notice that D is NOT strictly convex.
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Thank you!
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