SLOW CONVERGENCE IN PERIODIC HOMOGENIZATION
PROBLEMS FOR DIVERGENCE TYPE ELLIPTIC OPERATORS

HAYK ALEKSANYAN

ABSTRACT. We introduce a new constructive method for establishing lower bounds on
convergence rates of periodic homogenization problems associated with divergence type
elliptic operators. The construction is applied in two settings. First, we show that solu-
tions to boundary layer problems for divergence type elliptic equations set in halfspaces
and with infinitely smooth data, may converge to their corresponding boundary layer
tails as slow as one wish depending on the position of the hyperplane. Second, we con-
struct a Dirichlet problem for divergence type elliptic operators set in a bounded domain,
and with all data being C*°-smooth, for which the boundary value homogenization holds
with arbitrarily slow speed.

1. INTRODUCTION

The focus of the paper, as the title suggests, is on quantitative theory of periodic
homogenization of divergence type elliptic operators. Lately, there has been much interest
around effective estimates on convergence rates for homogenization problems associated
with linear elliptic operators in divergence form, see for example [11]-[12], [2]-[4], [17], [16],
[6]. A particular common feature of these papers, is that they all establish upper bounds
on the speed of convergence of homogenization, in other words these papers, among other
results, measure how fast the homogenization holds. However, results showing limitations
of the speed of the process, i.e. estimating to which extent homogenization may decelerate,
given that the homogenization takes place of course, seem to be extremely scarce in the
literature. A few instances of this type of set-up around the divergence setting which
we are aware of are the following. It is shown in [3]-[4], that the Dirichlet boundary
value homogenization in LP can not be faster than a certain algebraic rate depending on
1 < p < oo and on the geometry of the domain (see [3, Theorem 1.6] and [4, Theorem
1.3]). The next one studied in [19] is related to boundary layer problems set in halfspaces,
and shows that depending on the position of the halfspace, convergence of the solution
to its boundary layer tail can be slower than any algebraic rate (see [19, Theorem 1.3]).
Finally, in [8] it is proved an existence of one-dimensional examples in almost periodic
homogenization with fixed boundary and source terms and oscillating coefficients, where
homogenization of solutions in L? is not faster than a polynomial rate.

Here we will be interested in developing tools that will address how slow the convergence
can actually be. We start with the discussion of the first problem considered in this paper,
and will introduce part of the key ideas in that setting.

For a scalar a € R and a unit vector n € R? consider the following Dirichlet problem

{—V CAW)Vo(y) =0, y€Qua:={yeR?: y-n>al,

(L) v(y) = vo(y), Yy € 0.

The main assumptions concerning (1.1) which will be in force throughout are:

Key words and phrases. Boundary layers, periodic homogenization, slow convergence, Dirichlet problem,
ellipticity, halfspace, asymptotics, Diophantine direction, Gaussian curvature.
1



2 HAYK ALEKSANYAN

e (Periodicity) The coefficients A and boundary data vy are Z%periodic, that is
for any y € R% and any h € Z¢

Ay +h) = A(y) and vo(y + h) = vo(y),

e (Ellipticity) There exists a constant A > 0 such that for any z € R? and any
y € R? one has

Ml < 2T Aly)zr < A7 Hal?
e (Regularity) All elements of A and boundary data vy are infinitely smooth.

We will refer to (1.1) as boundary layer problem. These type of problems emerge in
the theory of periodic homogenization of Dirichlet problem for divergence type elliptic
operators with periodically oscillating coefficients and boundary data. Understanding the
well-posedness of problems of the form (1.1) in a suitable class of solutions, and more
importantly the asymptotics of solutions far away from the boundaries are one of the
key steps toward obtaining quantitative results for homogenization of the mentioned class
of Dirichlet problems. For detailed discussions concerning the role of (1.1) we refer the
reader to [11], [12] and [19]. Below we will briefly review some known results concerning
boundary layer problems. Interestingly, the asymptotic analysis of (1.1) depends on certain
number-theoretic properties of the normal vector n.

Rational directions. We say that n € R? is a rational vector, and write n € RQ?,
if n is a scalar multiple of a vector with all components being rational numbers. One
can easily see that if n € R? has length one, then n is rational iff n = £/|¢| for some
non-zero £ € Z4. In this case it is well-known (see e.g. [5, Lemma 4.4]) that there exists
a smooth variational solution v to (1.1), which is unique given some decay conditions on
the gradient, and such that there is a constant v®*° for which v(y) — v exponentially
fast as y - n — oo, where the convergence is uniform with respect to tangential directions.
Although having these nice convergence properties, the drawback of rational directions is
that the constant v®*° may actually depend on a, i.e. translating the hyperplane in the
direction of n may lead to different limits at infinity.

Diophantine directions. Following [12] for a unit vector n € S*~! set P,1 to be the
operator of orthogonal projection on the hyperplane orthogonal to n. Fix [ > 0 so that
(d—1)l > 1 and for k > 0 define

(1.2) A ={n e ST P (&) > kl¢|™ for all £ € Z\ {0}}.

A vector n € S% ! is called Diophantine if it is from A, for some x > 0. Clearly elements
of A, are non-rational directions. Also, it is not hard to verify (see [12, Section 2]) that
o(ST1\ A,) < Ck?1, where o is the surface measure of the unit sphere, and C' is a
constant depending on [. Thus, the last inequality shows that almost all directions are
Diophantine.

Behaviour of (1.1) in the case when n is Diophantine has been studied only recently
in [11], where it was proved (Propositions 4 and 5 of [11]) that there exists a smooth
variational solution v to (1.1) which is unique, given some growth conditions, and such
that for some constant v>° one has v(y) — v> as y - n — oo. Here convergence is locally
uniform with respect to tangential directions, and is faster than any polynomial rate in
y - n. Moreover, the effective constant v>° (the boundary layer tail) depends on direction
n only, and is independent of @ in contrast to the rational case.

Non-rational directions in general. Here we consider directions which are irra-
tional, i.e. from the complement of RQ? Observe that not all irrational directions are
Diophantine, therefore the previous two cases do not cover S?!, the set of all possible
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directions. In a recent work [19], it was proved that (1.1) has a unique smooth varia-
tional solution satisfying certain growth conditions, for which one has convergence toward
its boundary layer tail far away from the boundaries (see Theorem 2.1 for the precise
statement). However, the result of [19] does not provide any estimates on the rate of
convergence given this generality on the normals. It does however show that for irrational
directions which are non-Diophantine (meaning they fail to satisfy (1.2) for any choice of
parameters £ and [ involved in the definition), one may have convergence slower than any
power rate in y - n. More precisely, for a smooth and Z2-periodic function vy : T? — R
consider the following boundary value problem

(1.3) Av=01in Q, and v = vy on 0,

where Q,, = {x € R?: z-n > 0}. Clearly, this problem is of type (1.1) with the matrix of
coefficients equal to 2 x 2-identity matrix. Then [19, Theorem 1.3] shows that if n ¢ RQ?
is arbitrary non-Diophantine direction, then for any p > 0 and any R > 0 there exists a
smooth function vy : T? — R and a sequence \; * oo such that if v solves (1.3) with
boundary data v, then for each k = 1,2, ... and all ¥/ € 9Q,, N B(0, R) one has

(1.4) oy + Akn) — 0| 2 A7,

where the constant v>° is the corresponding boundary layer tail. Let us note that the left-
hand side of (1.4) converges to zero as k — oo, since as we have just said, for irrational
directions solutions converge to their boundary layer tails. The proof of (1.4) constructs vy
with Fourier spectrum supported in a subset of Z? on which the normal n fails to satisfy the
Diophantine condition. Then choosing coefficients having an appropriate decay, combined
with the special structure of the spectrum of vy, immediately leads to the conclusion. We
stress that this slow convergence result of [19] works for any irrational non-Diophantine
direction, however, it leaves out the question whether one can go beyond algebraic rates
of convergence, and perhaps more intriguing, the case of Laplace operator does not give
an insight into the case of variable coefficient operators, since in the Laplacian setting one
has an explicit form of solutions which essentially determines the analysis.

Throughout the paper we use the following notation and conventions.

T unit torus of R%, i.e. the quotient space R? / 7%, where Z¢ is the integer lattice,
Sé-1 unit sphere of R,
O(d) group of d x d orthogonal matrices,

MT transpose of a matrix M
Ty inner product of z,y € R?
|z| Euclidean length of z € RY

Qna halfspace {x € R?: z-n > a}, where n € S¥! and a € R,

Q, halfspace €, 0,

B.(z) or B(z,r) both stand for an open ball with center at z € R? and radius > 0,
€ compact inclusion for sets.

Positive generic constants are denoted by various letters C, C1, ¢, ..., and if not specified,
may vary from formula to formula. For two quantities x, y we write z < y for the inequality
x < Cy with an absolute constant C, and x < y for double inequality Ciz < y < Chx
with absolute constants C7, Cs.

Throughout the text the word “smooth” unless otherwise specified, means differentiable
of class C*°. The term “modulus of continuity” is everywhere understood in accordance
with Definition 1.1. The phrase “boundary layer tail” refers to the constant determined
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by Theorem 2.1. Domain is an open and connected subset of Euclidean space. We also
adopt the summation convention of repeated indices (Einstein summation convention).

1.1. Main results. The first class of problems we will study in this article, is motivated
by the results discussed above, and the importance of boundary layer problems in periodic
homogenization of Dirichlet problem. Most notably, we will show that in the case of irra-
tional non-Diophantine normals convergence of solutions to (1.1) towards their boundary
layer tails can be arbitrarily slow. Next, in the second part of the paper, we will apply our
methods developed for the analysis of (1.1) combined with some ideas from our papers
[2]-[4] written in collaboration with H. Shahgholian, and P. Sj6lin, to construct a Dirichlet
problem for elliptic operators in divergence form set in a bounded domain, where boundary
value homogenization holds with a speed slower than any given rate in advance.

We now proceed to formulations of the main results. In order to measure a speed of
convergence we consider the following class of functions.

Definition 1.1. We say that a function w is a modulus of continuity if it has the
following properties:
e w:[0,00) — (0,00) is continuous,
e w is one-to-one, decreasing, and lim w(t) = 0.
t—o0
We will at places abuse the notation and instead of [0, c0) may take [cg, 00) for some
co > 0 as a domain of definition for modulus of continuity.
For our first result we will impose a structural restriction on coefficients A. Namely
we assume that

1.5 there exists 1 <~ <d suchthat 9, A" =0.
Ya

In other words we require one of the columns of A to be divergence free as a vector field.
This assumption is technical and is due to our proof of Theorem 1.1. It is used to control
the contribution of boundary layer correctors in the asymptotics of boundary layer tails
(see, in particular, inequality (4.34)).

The following is our main result concerning the slow convergence phenomenon of
boundary layers.

Theorem 1.1. Let w be any modulus of continuity and let R > 0 be fized. Then, there
exists a unit vector n ¢ RQ?, a smooth function vg : T — R, and a sequence of positive
numbers {Ap}72, growing to infinity, such that if v solves (1.1) under condition (1.5)

on the operator, and with n and vy as specified here, then for any k = 1,2,... and any
y € 0Q, 0N B(0, R) one has
(1.6) [(y" + Akn) — v > w(),

where v°° is the corresponding boundary layer tail.

Remark 1.2. Observe that v™>®° being the boundary layer tail, implies that the left-hand
side of (1.6) decays as k — oo, and hence the lower bound is non-trivial. Next, notice that
we have fized the halfspace on the direction n € S*1 by setting a = 0 in Theorem 1.1.
This does not lessen the generality, since the case of arbitrary a € R can be recovered by
a change of variables. However, we do not know if in general one can take the sequence
{\x} and boundary data vy independently of a.

Finally, let us note that the result of Theorem 1.1 shows that there is no lower bound
for the speed of convergence on the set of irrational directions, in other words convergence
can be in fact arbitrarily slow. This case is in strong contrast with the case of Diophantine
normals, where one has convergence faster than any power rate.
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Our next concern is the question of Dirichlet boundary value homogenization for di-
vergence type elliptic operators in bounded domains. Assume we are given a coefficient
matrix A = (Aaﬁ(x))géﬁ:l : X — R4 defined on some domain X C RY (d > 2) and
having these properties:

(A1) for each 1 < «, 8 < d we have A% € C*®(X),

(A2) there exist constants 0 < A < A < oo such that
MNP < AP (@)éap < AE°, Vo€ X, VEER?

For a function g € C°°(T?), and a bounded subdomain D C X with C* boundary consider
the following problem

(1.7) —V-A(z)Vus(z) =0in D and ue(z) = g(x/e) on OD,

where ¢ > 0 is a small parameter. Along with (1.7) consider the corresponding homoge-
nized problem which reads

(1.8) — V- A(z)Vup(x) =01in D and up(x) = /Td g(y)dy on 0D.

Let us emphasize that we do mot impose any structural restrictions on A, nor we
assume that A is necessarily periodic. This is in view of the fact that there is no interior
homogenization taking place in (1.7).

Theorem 1.3. Let A be as above defined on X and satisfy (A1)-(A2), and let w be any
modulus of continuity. Then, there exist bounded, non-empty convex domains D C X and
D' € D with C*® boundaries, and a real-valued function g € C®(T%) such that if u. is
the solution to (1.7) for e > 0, and ug to that of (1.8), then for some sequence of positive
numbers {e}32, strictly decreasing to 0, one has the following:

a) |ue, () — uo(z)| > w(l/eg), Vee D' k=1,2,..,
b) |ue(z) —up(z)] -0 ase—0, Ve D.

This result should be compared with [2]-[4], where under certain geometric conditions
on boundary of the domain (such as strict convexity, or flat pieces having Diophantine
normals as considered in [4]) it is proved that periodic homogenization of boundary value
problems for elliptic operators in divergence form holds pointwise, as well as in LP norm
where 1 < p < oo, with an algebraic rate in e. However here, we see that again due to
the geometry of the domain, convergence can slow down arbitrarily. Thus relying merely
on the smoothness of the data involved in the problem, one can not get a meaningful
quantitative theory for homogenization problems with divergence structure as above.

2. PRELIMINARIES ON SOLUTIONS TO BOUNDARY LAYER PROBLEMS

The aim of this section is to give a precise meaning to a solution of problem (1.1).
The well-posedness of (1.1) in non-rational setting was first studied by Gérard-Varet and
Masmoudi [11], and later by the same authors in [12], and by Prange in [19], all in
connection with homogenization of Dirichlet problem. Here for the exposition we will
follow mainly [12] and [19]. Let us also note that the results presented in this section hold
for strictly elliptic systems, however we will only use them for scalar equations, and thus
formulate the results in the setting of a single equation only.

Keeping the notation of problem (1.1), fix some matrix M € O(d) such that Mey = n.
Then in (1.1) make a change of variables by y = Mz and transform the problem to

{—VZ -B(M2)V,v(z) =0, z4>a,

(2.1) v(z) = vo(Mz), Zq = a,
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where v(z) = v(Mz) and the new matrix B is defined by B = M* AM. From the definition
of M we have M = [N|n], where N is a matrix of size d x (d — 1). Then the solution to
(2.1) is being sought of the form

v(z) = V(NZ, z4), where V(-,t) is Z%-periodic for any t > a,

and z = (2, zg) € R¥"! x R. This leads to the following problem

T T
—<N Ve ) .B(e+m)<NaV9 )we,t):o, t>a,
t

(2.2) O

V(0,t) = vo(0 + an), t=a.

The authors of [12] then show that (2.2) has a smooth solution V' in the infinite cylinder
T? x [a, 00) satisfying certain energy estimates. Moreover, if V' solves (2.2), then one can
easily see that v(z) = V(N2/, z4) gives a solution to (2.1). The proof of this well-posedness
result is not hard, but what is rather involved is the analysis of asymptotics of V (-, %) as
t — oo. A proper understanding of this problem for V' gives the behaviour of solutions to
(1.1) far away from the boundary of the corresponding halfspace. In this regard, it was
proved in [11] that if n is Diophantine in a sense of (1.2), then there exists a constant v>
depending on n and independent of a, such that |v(y) — v™>°| < Cu(y - n)~?, for any a > 0
as y - n — 00, and convergence is locally uniform with respect to tangential variables.

Shortly after [11] and [12], a refined analysis of well-posedness of problems of type (1.1)
was given by Prange [19]. In particular he established the following result.

Theorem 2.1. (Prange [19, Theorem 1.2]) Assume n ¢ RQY. Then

1. there exists a unique solution v € C*° (8, q) N L®(y.q) of (1.1) such that

va||Loo({y,n>t}) — 0, ast — oQ,

[0 9 gyt <

2. and a boundary layer tail v™>° € R independent of a such that
v(y) = v, asy-n — oo, wherey € Uy 4,
and convergence is locally uniform with respect to tangential directions.

Let us fix here that by boundary layer tail we always mean the constant to which solu-
tions of problem (1.1) converge away from the boundary of the corresponding halfspace.

3. ARBITRARILY SLOW CONVERGENCE FOR LAPLACIAN

The objective of the present section is to prove Theorem 1.1 for Laplacian. The reason
for separating the case of Laplace operator is twofold. First, we will introduce part of the
key ideas that will be used in the general case of variable coefficient operators. Second, the
setting of Laplacian is essentially self-contained, and is more transparent in comparison
to the general case which is based on a different approach. We prove the following result.

Theorem 3.1. Theorem 1.1 holds when the operator in (1.1) is the Laplacian.

The proof of Theorem 3.1 is based on a series of observations and preliminary state-
ments. We will use the connection of problem (1.3) with the corresponding problem (2.2)
set on a cylinder T¢ x [0, 00) (cf. [19, Theorem 7.1]). For that fix a matrix M € O(d) such
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that Megq = n, clearly M is of the form M = [N|n] where N is a matrix of size d x (d —1).
Then writing (2.2) when the original operator in (1.1) is Laplacian and a = 0 we get
2

NTV,
V(,t)=0, t>0, cT?
(3.1) Oy (0,1)
V(9,0) = vo(6), 6 €T,

where as before V (-, t) is Z%-periodic for all ¢ > 0, and the action of the operator on V is
understood as (NTVg,8;) - (NTVg,0,)V. As we have discussed in Section 2, the unique
solution v of (1.3) (in a sense of Theorem 2.1) is given by

(3.2) v(y) = v(Mz) = V(N2 z4), where y = Mz with y € Q,, and z € RL.
In this setting the solution V' of (3.1) can be computed explicitly, namely we have
(33) V((g,t) — Z cg(vo)ef%r\NTﬂteZﬂ'ig.G’
cezd
where c¢(vg) is the £-th Fourier coeflicient of vg. In view of (3.3) it is clear the boundary
layer tail equals cg(vp). We will first establish a slow convergence result for V' using which

we will prove Theorem 3.1.
Observe that by (3.3) and Parseval’s identity, for any ¢t > 0 we have

(8.4) [[V(0.1) — co(v0) Pty = [[V(8.1) — cov0) Bz, =

> leelu)Pe VIS = s 00).
¢eZ\{0}

Proposition 3.2. For any modulus of continuity w there exists a unit vector n ¢ RQ?,
a smooth function vg : T¢ = R, and a sequence of positive numbers t;, /oo, k =1,2, ...
such that

S(tk; vo) = w(ty), k=1,2,..,
where 8 is defined by (3.4).

As we can observe from (3.4) convergence properties of 8 depend on the quantity |N7¢|
which is the subject of the next result.

Lemma 3.3. Given any modulus of continuity w, there exists a unit vector n ¢ RQ?, and
an infinite set A C Z¢\ {0} such that for any matriz M = [N|n] € O(d) one has

INTE <w(lE]),  VEEA.

As usual here as well N is a d X (d — 1)-matrix formed from the first (d — 1) columns

of M. Obviously Meys = n. This lemma is one of the key statements used in the general
case as well.
Proof of Lemma 3.3. Set ¢ :=¢; = (1,0,...,0) € R? and let 'y € S¥~! be an open
neighbourhood of ¢ centred at ¢ and with diameter less than w?(|€M)])/(10[6M?).
Due to the density of rational directions' there exists a non-zero £ e Z¢ such that
1) > 2 and

(€M)
= T0jemp

< dlam(Fl)

5(2) 5(1)
@] D]

IFor any non-zero v € Q% the intersection of the ray starting at 0 € R? and passing through v, with the
sphere S?7! is a rational vector of unit length. Hence the density of rational directions.



8 HAYK ALEKSANYAN

Using the same idea, we then inductively construct a sequence {¢(} c Z4\ {0} satisfying

k< |€®)] < |¢®++D| and such that for unit vectors 7y, = % we get
w?([€™))

3.5 0< —

(3:5) Per —7i| < 0k 2

for each k = 1,2,... . It is clear by (3.5) that for k large enough one has |ry; 1 —rx| < 107%,
therefore the sequence {ry} is Cauchy, hence it is convergent. By n we denote its limit,
which is obviously a unit vector. We claim that n ¢ RQ¢, which is due to fast convergence
of the sequence® {r.}. Indeed, assume for contradiction that n € RQ%. As |n| = 1, using
the rationality assumption it is easy to see that there exists a non-zero & € Z¢ such that
n = &y/|&|. By monotonicity of |£)| and w, along with (3.5) we get

|(n‘61)2—(7'k‘61)2’§2’n‘61—7'k~61‘SQ‘H—Tk’§2Z‘Tj+1—T’j‘S
=k
2(1€9]) _ 20 1 w?(EM))
2 < — k=1,2,...
210%” 27 9 108 [¢m2 o

By rationality of n we have n-e; = ﬁ with pg € Z, and for r, we have 1y - e; = |§Ig,’§)|
with some pp € Z. Hence, from the last inequality we get
20
21¢(k) 2 _ L2 2

Since the left-hand side is an integer and is less than 1 by absolute value for k large enough,
it must be 0. From here we conclude that the sequence |ry - e1] is eventually constant. By
our notation this implies

Pk Pk+1
— >
e®] ~ Ejewerny £ 2o

where py, is an integer, representing the first coordinate of £) and ko is a large integer.
Now, if we have equality in the last expression with minus sign, we get

(3.6)

¥>]r —rg| > |rpg1-e —r-e|:2’pk’
1Ok|§(k)’2 = |Tk+1 kl Z [Tk+1 1 k 1 |§(k:)|’
which implies that pr = 0, and hence py41 is 0 as well by (3.6). We thus see that (3.6) in
either case of the signs, forces equality within the first components of r; and r;4;. But
in this case the same argument with e; replaced by the remaining vectors of the standard
basis of R?, would lead to equality for all corresponding components of rj and 7. The
latter contradicts the fact that ry # 41 which we have from (3.5). Hence the proof that
n is not a rational direction is complete.

We now set A = {£() . k =1,2,..} and proceed to the proof of the claimed estimate
of the lemma. By orthogonality of M for any £ € A we have

€2 = [MT€f? = INTE[® + n- €,

which, combined with Cauchy-Schwarz, implies

(3.7) \NT£|2 |€|2 In- £|2 _ (|€| +|n - 5’)(|f‘ —|n- §|) < 2|£|2 <1 _ ‘T’Ef‘) .

2This is in analogy with a standard fact in Diophantine approximation theory, that the sum of a very fast
converging series of rationals is irrational.
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Now choose k € N such that £ = £%). We get

g-n=¢eW.n=¢hk. ¢ +Y (s =) | = 1EPTY €W (40 — 1),
|£(R))|
=k =k

Hence by (3.5) we have

i o 271¢(9) 21 ¢(k)
(k) ., _ 1ek) I w @ UEY]) _ Tw(I€™])
[€® -0 — €W < > 1Vl rj|§§4k|5 >|1Oj|§(j)‘2g2 G
]:

=k
We thus get
In-g®)
139
From here, getting back to (3.7) we obtain
INTE? < w?(lg]),

completing the proof of the lemma. O

L (W)

! - 2l¢k))2

The following remarks will be used later on.

Remark 3.4. One may easily observe from the proof and the density of rational directions,
that given any T > 1 it is possible to construct A such that for any §,m € A if [£] < |n|
then 7|&] < |n|.

Remark 3.5. The set of normal directions satisfying Lemma 3.3 is dense on S*~1, how-
ever it necessarily has measure 0 if w decreases faster than any polynomial rate. Density
follows from the proof of the lemma, as there one may start the construction in the neigh-
bourhood of any rational direction on S instead of e1. The measure zero claim is due
to the fact that the set of Diophantine directions, in a sense of (1.2), has full measure on
St and if w decreases sufficiently fast, then any Diophantine direction fails to satisfy
Lemma 3.3.

We now give a proof of Proposition 3.2 based on the previous lemma.

Proof of Proposition 3.2. Define wy(t) : [1,00) — R4 as follows
_ 1
dmwt(Lg2t)”

Here w™! stands for the inverse function of w, which exists since w is one-to-one. Moreover,
without loss of generality we will assume that w; is well-defined for ¢ > 1, since otherwise
we will just replace the lower bound of ¢ by a sufficiently large number. It is easy to see
from the definition of wi(¢) that it is continuous, decreases to 0 as ¢ — oo and is one-to-
one. We now apply Lemma 3.3 for this choice of w; as a modulus of continuity, and let
n be the normal, and A be the index set given by Lemma 3.3. We define vy € C°°(T9)
as follows. First arrange elements of A in increasing order of their norms, i.e. we let
A={®: k=1,2..} where [¢®| < [¢*+D)| for k = 1,2,... . Observe that |¢*)| > k
for all £ € N due to the construction of Lemma 3.3. For ¢ € Z% we let ce be the &-th
Fourier coefficient of vg. Next, if £ € A is the k-th element of A according to the mentioned
arrangement, set ci¢(vg) = |¢|7F, otherwise, if £¢ ¢ A let c¢(vg) = 0. The sequence
of coefficients constructed in this way defines a smooth function vy, since the Fourier
coeflicients of vy decay faster than any polynomial rate. Furthermore, as c_¢ = c¢¢ € R, v
is a real-valued function.

wi (t) t>1.
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By (3.4) we get

[e.9]
. _ 2 —4r|NTe®)|¢
S(t;vg) = g ’f(k)|2ke g .
k=1

For each k£ € N, choose t; from the condition that
1

(3.8) wlty) = —|€W|72k k=12 ..
e

By construction we have t;  oco. To prove that 8(tx;v9) > w(t) it is enough to show
that e=4mINTE® It 1£F)| =2k > (t},), while for this one it is sufficient to prove

(3.9) e o€ Dt | ¢ (k) =2k > (g, Y,
since [NTE®)| < w(J€®)]) by Lemma 3.3. We now use (3.8) and the definition of wy, by
which (3.9) is equivalent to

1
1> dmeoy (|t = oo (|6 oo™ (e!£<’f>|2k> -

A 1 w—l (1‘5(]6)’—2]6) ]
w1 (%|g(k>\—2\£<k>|> e

But the last expression is equivalent to

1 (1 _9ek) (1 _
ot () 2 (o).

which holds true, since [£(%)| > k and w™! is decreasing.

The proof of the proposition is complete.
O

Remark 3.6. It is clear from the proof of Proposition 3.2 that given any § > 0 in advance,
we may drop some finite number of initial terms from A C Z¢, the Fourier spectrum of
vo, ensuring that [INTE| < 6 for all € € A.

Remark 3.7. By the same way as in Remark 3.5 we may argue that the set of normals
with the property as discussed in Proposition 3.2, is dense on the unit sphere, however
with measure zero if w has a sufficiently slow decay at infinity. It is also clear that any
prescribed lower bound on the sequence |[NTE| for non-zero € € Z by a given function of
|€| would transform to a certain upper bound on the speed of convergence of V' to its tail.

Proof of Theorem 3.1. Let a unit vector n ¢ RQ?, a Z%periodic function vy and
a sequence of positive numbers {t;,}7°, be obtained by applying Proposition 3.2 for the
modulus of continuity w given in Theorem 3.1. Also let V' be defined by (3.3) for this
choice of vyg. As we have seen in (3.2) the unique solution v to problem (1.3) is given by
v(y) = V(N2 zq), where as usual z € R and Mz =y € Q,, with M = [N|n] € O(d). By
orthogonality of M we have

y-n:Mz'n:z~MTn:z-ed:zd.

Thus if we let y = 3+ (y-n)n, with 3y € 9Q,,, then Nz’ = 3/ for the tangential component.
We now need to derive some bounds on the new tangential variable z’. Observe that N has
rank d —1, hence d —1 of its rows are linearly independent. Set N’ to be a (d—1) x (d—1)
matrix formed by these d — 1 rows of N. From the overdetermined linear system Nz’ = ¢/
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we have N'z' = 4", where 3/ € R?1 is the corresponding part of 3. Using the assumption
that |¢'| < R, we get the following bound

(3.10) 2| = [(N)"ly"| < enlyl < enR.

Now if A C Z% is the Fourier spectrum of vy, by Remark 3.6 we may assume that |[N7¢| <
1/(8cn R), for any £ € A, from which and (3.10) one gets

1
R=—-.
8exR N T8
The last expression shows that cos(27¢ - Nz') > 1/2/2 for all £ € A and any 2’ satisfying
(3.10). By construction of Proposition 3.2, A is symmetric with respect to the origin, also
c¢(vg) = c—¢(vp) for any £ € A, and all non-zero coeflicients of V' are positive and do not
exceed 1. Hence for any y' € 99, N B(0, R) we get

€ N2'| = INT¢ - 2| <

(3.11) vy + (y-n)n) =V (N2, z4) = Z c§(vo)e_%lNTg‘Zdezmg'Nz/ =

gen
1
) ce(vo)e >N € cos(2mE - N2') > —8 (24 v0),
i V2

where 8 is defined by (3.4). Finally, recall that y - n = z4, and hence in the last inequal-
ity restricting zq to the sequence {t;}72,, and using the estimate of Proposition 3.2 we
complete the proof of Theorem 3.1. 0

It follows from the proof of Theorem 3.1 that we may have local uniformity for slow
convergence with respect to tangential directions, meaning that the sequence on which
the convergence is slow, once chosen for the modulus of continuity w, can be used for any
R > 0. The only difference is that in this case one should start at a very large index
(depending on R) in the sequence.

4. VARIABLE COEFFICIENTS

In this section we prove Theorem 1.1 for coefficient matrix A satisfying (1.5). Recall,
that the previous section established the slow convergence phenomenon for Laplace op-
erator. The main (and big) point that makes Laplacian special in the analysis is that
one may write the solution to reduced problems (3.1) explicitly. However, for variable
coefficient case one does not possess explicit forms for the solutions, which necessitates a
rather different approach.

We start with some preliminary set-up. For coefficient matrix A by A* denote the
coefficient matrix of the adjoint operator, i.e. A%*% = AB> For 1 <~ < d we let x*7 be
the smooth solution to the following cell-problem

(41) —Vy - A () VX (y) = 0y, A%, ye T,
Jpa X7 (y)dy = 0.

Next, by v,” we denote the solution, in a sense of Theorem 2.1, to the boundary layer
problem

‘ on " (y) = =X (y), y € 00,

Finally we recall the notion of the Green’s kernel. For a coefficient matrix A and a halfspace
Q c R? the Green’s kernel G = G(y,7) corresponding to the operator —V - A(y)V in
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domain 2 is a function satisfying the following elliptic equation

{—vy AW)V,Gy, ) =6y —7), yeQ,

4.3
(43) G(y,y) =0, y € 09,

for any y € €2, where ¢ is the Dirac distribution. To have a quick reference to this situation,
we will say that G is the Green’s kernel for the pair (A, ). Note, that the definition of
G does not require A to be periodic. The existence and uniqueness of the Green’s kernel
for divergence type elliptic systems in halfspaces is proved in [15, Theorem 5.4| for d > 3,
and for 2-dimensional case in [10, Theorem 2.21]. Here we will only use the case of scalar
equations. It is also shown that if G* is the Green’s kernel for the pair (A*, ) then one
has the symmetry relation

(4.4) G(y,y) = G*(,y), Y,y € Q withy #7.

From here we see that Green’s kernel has zero boundary values with respect to both
variables.

For a unit vector n ¢ RQ? and a smooth function vy let v be the solution to (1.1) in a
sense of Theorem 2.1. Set A :=y-n for y € Q,, and let M € O(d) satisfy Mey; = n. Then
for any 0 < k < 1/(2d) we have

(4.5) o(y) = D2,aG™(n, Mz) x | AP*(AMz)nz+
R4

APT(AM 2) (9, X (AM2) + 9y, vir™(AM 2)) ny | vo(AM 2)do(2) + O(A™F),
where G™ is the Green’s kernel for the pair (A%, ), and A° denotes the matrix of coef-
ficients of the homogenized operator corresponding to —V, - A(y)Vy. Also 02, denotes
differentiation with respect to the a-th coordinate of the second variable of G", and the
error term O(A™") is locally uniform in tangential variable y' := y — (y - n)n, and is in-
dependent of the matrix M. The asymptotic formula (4.5) is proved by Prange in [19,
Section 6] for systems of equations. Here, since we are working with scalar equations, we
have a slightly simpler form of it.

We are going to switch from the differentiation in y to z-variable. Since y = Mz and
M is orthogonal, it is easy to see that

(4.6) vV, =MV..

Set x*%(z) = x**(Mz) and v;%(2) = vy“(Mz). On the boundary of R%, for each
1 < a <d we have x* + v;” = 0 by (4.2), hence taking into account the relation (4.6)
and the fact that M has n as its last column, we obtain

By (7 + 03 7)(y) = 15 0:, (X +v737) (2).

Since the Green’s kernel has zero boundary data, using (4.6) we have that if 9Q,, > y = Mz,
with z € 3Ri then

(4.7) Dy G (n,y) = 02.0G"(n, M2) = ny0,,G""(eq, 2),

where G%" is the Green’s kernel for the pair (M7 A°M, Ri) Observe that G%" depends
on the matrix M, however for the sake of notation we suppress this dependence in the
formulation. For now, dependence of G%" on M plays no role, but later on we will need
to make a specific choice of orthogonal matrices M.
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Applying these observations in (4.5) and grouping similar terms we obtain
(4.8) w(y) = / D2.4G"" (eq, (/,0)) x nT A(NM (2',0))nx
Rd-1

{1 + 10 (D2, X (M2, 0)) + 02, V(A 0)))} x vo(AM (2, 0))dz’ + O(A™").

The next lemma concerns a particular class of integrals of type (4.8).

Lemma 4.1. (see [1, Lemma 2.3]) Assume H : R? — R is smooth Z%-periodic function,
n ¢ RQ? is a unit vector and M € O(d) satisfies Meq = n. Then for h(z') := H(M(Z',0)),
where 2’ € R and any F € L'(R?1) one has

lim F(ZYh(N\")dz2' = co(H) F(z)dz,

A—o0 JRrd-1 Rd—1
where co(H) = [ra H(y)dy.

This lemma is proved in [1] for functions admitting a certain type of expansion into
series of exponentials. To obtain the current version, one can take the matrix 7" in Lemma
2.3 of [1] to be the identity.

In the next statement we collect the necessary information concerning the Green’s
kernel involved in (4.8).

Lemma 4.2. For any n € S*! and any M € O(d) satisfying Meg = n let G?\’;(z,ﬁ) be
the Green’s kernel for the pair (MTAM,R%). Set foa(2') := ag,dG?\;["(ed, (2/,0)), where
2 € R¥L. Then

(i) fam € LYRY) and ir}\f4 ‘fRd71 me(z’)dz" >0,
n,
(i) sup || fomllprra-1y < oo and sup [ [fum(2)|dz" — 0 as A — oo,
n,M n,M|Z/|2A

(iii) fom € CHRTY) and sup [|V' fum || 1 a1y < oo, where V' is the gradient in

n,M

R4 1,

Proof. Recall that G™ is the Green’s kernel for the pair (A4°,€2,). The following bound
is proved in [12, Lemma 2.5]

y-n)(y-n .
(4.9) IG"™(y, y)| < CWa y#yinQy,
where the constant C' is independent of n. It is easy to observe (see e.g. [1, Claim 3.1})
that for any M € O(d) with Mey = n we have G?\’f(z,E) = G"(MT2,MT%) for = # Z in
R?. From here and (4.9), along with the orthogonality of M one has

(MTz-n)(MTZ-n) 2424

41 0n — n MT MT < —

for all z # Z in R%, with constant C' as in (4.9); in particular C' is independent of n and
M. Since G has zero data on GREIH from (4.10) one easily infers that
C
N —F—— vz e RTH
|fn,M(Z)| = ‘ed_(zlao)’d7 z 5

which shows that f, ;s € L'(R?"1) as well as part (ii). For the second statement of (i)
let PJ(\Z”(Z,E) be the Poisson kernel for the pair (M7 A°M,R%). Then for z € R%, and



14 HAYK ALEKSANYAN
zZ € H]Ri we have

PY(2,2) = —eE (MT A MYV:GYT (2, 2)
= —(Med)TAO(Med)827dG?\’4"(z, 5)
= —nTAOnagdG?\}[n(z,Z).

The last expression, combined with the fact that® [,.. Py (eq, Z)do(Z) = 1, along with
+

the ellipticity of A° completes the proof of the second claim of (i).
Finally, for (iii) observe that since Gg}[n solves an elliptic equation with constant coeffi-

cients, by standard elliptic regularity we have f,, s € C* (R4=1). For the growth estimate
by [20, V.4.2 Satz 3| one has

C
V' (05,4GY T (eq, (2,0 <, V2 e RL
| ( 2,d M(ed (Z )))|— \ed—(z’,0)|d <
where C' is independent of the unit vector n and the orthogonal matrix M.
The proof of the lemma is complete. O

We now turn to the discussion of the core of averaging process of (4.8). Our next result
is one of the key lemmas of the current paper.

Lemma 4.3. Let = be any non-empty set of indices and assume we are given a family of
functions F = {F;};ex with the following properties:

(a) F e LYR4Y) for any F € F and }ng}fRd,l F(z)dz| >0,
€

(b) sup ||F||p1(ra-1y < o0 and
Feg

sup/ |F(x)|de — 0 as A — oo.
FeF Jjz/>A

Let also w be any modulus of continuity and So C SY=' be any open subset of the sphere.
Then, there exists an irrational vector n € Sy, an unbounded, and strictly increasing
sequence of positive numbers { A}, such that for any F € J there is a function vy €
C>=(T9) satisfying

(4.11) >wh), k=1,2,..,

/ Fla)uo (e M (2, 0))ds — co(vo) | Fla)de
Rd—1 Rd—1

whenever M € O(d) and Meg = n.
Assume in addition to (a) and (b) that F also satisfies

(c) F e CYRYY) for any F € T and

sup ||V E| 1 ga-1y < 00,
Feg
then the function vy too can be chosen independently of F .

3t is proved in [12, Sectin 2.2] (see also [19, Section 3.2]) that the variational solution to (1.1) has an
integral representation by Poisson’s kernel. Moreover, as long as the asymptotics of the solutions to (1.1)
far away from the boundary of the hyperplane is not concerned, there are no restrictions imposed on the
normal direction. Since identical 1 is a solution to (1.1) for a boundary data identically equal to 1, we may
represent this solution by Poisson’s kernel, which shows that the integral of Poisson’s kernel is 1.
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Remark 4.4. Let us remark that the left-hand side of (4.11) decays as k — oo in view
of Lemma 4.1, therefore the lower bound of the current lemma is non-trivial. The Lemma
shows that under conditions (a) and (b) only, the direction, and the sequence along which
convergence is slow can be chosen uniformly for the entire family F. Moreover, as will be
seen from the proof of Lemma 4.3, for any F and G from F their corresponding functions
vo(F) and vo(G) have equal up to the sign Fourier coefficients.

Proof of Lemma 4.3. For the sake of clarity we divide the proof into few steps.

Step 1. Construction of n and {\;}}2,. We start by determining a suitable modulus
of continuity for which we will apply Lemma 3.3 to get the normal n.

For F € F let Ir be the absolute value of the integral of F' over R4, and set 7y :=
}Iéf;fjp‘. By (a) and (b) we have 0 < 79 < oo. It is easy to see using the fact that 79 > 0

and condition (b) that there exists Ag > 0 large enough such that

(4.12) ‘/|<A F(x)dx

1
> 2/ \F(z)|dz + =Tp,
2> Ao 2

for any F' € F. For this choice of Ay denote ep := m f\mISAo F(z)dz|, where
F € F. Since 79 > 0 from (4.12) and condition (b) we have

4.13 0 < égp:= inf <1

1) R Cal

We now fix some small constant dy > 0 such that

(4.14) |cos(t) — 1| < eg/4 for any ¢t € R with [¢| < dy.

Assume that n € S¥! and let M € O(d) be so that Meys = n. We then have M = [N|n]
where N is the matrix formed from the first (d — 1)-columns of M. Observe that for any

¢ € Z% and any = € R%! one has & - M(z,0) = 2T NT¢. Therefore if for some A > 0 we
have 27\ Ag|NT¢| < o then (4.12) and (4.14) imply

/x|§Ao F(x)dz

[ 1F@Ix eosemia NTe o~ [ (Flde > Jor,
|CU|§A0 |50|>A0

(4.15) >

/Rdl F(z)cos[2m A - M (z,0)]dx

for any F' € J. Define

0o 1
wit) 2mAg w1 (%Totlt)’
where w™! stands for the inverse function of w. Obviously w; is one-to-one, continuous,
and decreases to 0 as t — oco. It is also clear that w; is well-defined for large enough ¢, thus
without loss of generality we will assume that wy is defined for all £ > 1. Applying Lemma
3.3 for w; as a modulus of continuity we obtain A C Z¢, and a unit vector n ¢ RQ? such
that if M € O(d) is any matrix satisfying Mey = n, then

INTEl <wi(lé]),  VEEA,

where, as is customary, d x (d — 1) matrix N is formed from the first (d — 1)-columns
of M. Following Remark 3.5 we may assume that n € Sy. We arrange elements of A in
increasing order of their norms, thus A = {£¢®) : k = 1,2, ...}, where by construction we
have k < |£®)| < |¢#++D)| for any k > 1. Moreover, according to Remark 3.4 we may also
assume that for any k € N we have

(4.16) E®] < oleHD)|,

t>1,
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where 0 < g < 1 is a fixed parameter satisfying

e _3
-0 167"

(4.17) 2 sup [|F]| 1 ra-1y
FeF

Note that the supremum here is finite by (b) and is non-zero by (a). Set

3 1
R B _
(4.18) A= w <87—0’§(k)|k) , k=1,2,...

It is clear that Ag is unbounded and is strictly increasing. Observe that n, and the sequence
{A\x} are uniform for the entire family F.

Step 2. Construction of vy for fixed F' € F. We proceed to construction of the
function vy € C*(T9) for the given F € F, for which it is enough to construct the
sequence of Fourier coefficients of vy, which we will denote by {c¢(vo)}¢eza-

Let F € F be fixed. For ¢ € Z% if we have £ € A then set c¢(vg) = c_¢(vg) = e (F)|€]7F,
where k£ € N is the index of £ in A according to the increasing rearrangement made above,
and e (F) € {—1, 1} will be chosen below. It is important to note that this sign is the same
for c¢ and c_¢. Otherwise, if £ ¢ A we let c¢(vg) = 0. Clearly the sequence {c¢} decays
faster than any polynomial rate in [£|, hence vy is smooth. Also, since c¢(vg) = c—¢(vo)
for any &€ € Z¢ we have that vy is real-valued. Observe that co(vg) = 0 by construction,
and expanding vy into Fourier series we get

(4.19) i F(x)vo(AM (z,0)) mz m)‘m /Rd1 F(z) cos (2mAzT NT¢™) dy =
2er(F
L)+ 3100 + 50,

where k > 1, J5(\) == [pa 1 F(z) cos(2rAzT NT¢W))dz, $1(\) contains the part of sum
where m < k and ¥2(\) respectively sums over the range m > k. In view of the construc-
tion the sums 3;(\), i = 1,2 are real-valued for any A. By the definition of A\, the fact
that |§(k)\ > k and that w is decreasing we easily see that 277)\kA0]NT§(k)| < dg for any k,
hence applying (4.15) we obtain

3 1

(4.20) 7 ‘kwk(xk)y > P e

On the other hand, by (4.16) and (4.17) we easily get

(4.21) X2 (M) < 2[|F|| 1 (ra—1) Z |£(m)[m <76 |§(k)|k70

m=k+1

for any A > 1. We now estimate the contribution of the range m < k. The triangle
inequality implies

Y1(Ak)

2 2

i S >
+ e e W] =
hence at least one of the terms in left-hand side of the last inequality is not less than half
of the right-hand side. Taking this into account, we choose the sign ¢j, in order to get the
largest term from the left-hand side of the above inequality. This choice of e, combined
with estimates (4.20) and (4.21), and the definition of A\ given by (4.18) yields

21, (F) 1 .3 1
€O T > 5O e

+ ‘Zl(Ak) -

4
BRIE ACYSI

(4.22)

— T (M) + 21 (M) + B2(Ap)| >
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for any k = 1,2,... . The estimate (4.11) of the lemma obviously follows from the last
inequality and (4.19).

Step 3. Uniform choice of vy. Lastly, we turn to the proof of possibility of a uniform
choice of vy under additional condition (c). There is no loss of generality to assume that

(4.23) tw(t) — oo as t — oo,

since otherwise we would simply replace w by a new modulus of continuity w, where
w(t) > w(t) for all t > 1 and w satisfies (4.23), by that getting even a slower convergence.
Thus we will take (4.23) for granted. For fixed F' € F, ¢ € Z4\ {0}, and \ > 0 set

(4.24) I(\€) = /]Rd1 F(;v)e%i’\“TNTde‘

Let 1 < k < d — 1 be such that the k-th component of the vector NT¢ is the largest by
absolute value. This choice implies |(NT€) - ex| > (d — 1)~/2|NT¢|, where e, is the k-th
vector of the standard basis of R9~!. Integrating by parts in I(\;€) in the direction of ey,
we see that

\/d—l

(425) T < 5 g &

SHP IVE L (Ra=1))

where the supremum is finite due to the assumption (c).
By (4.18) we have |[¢®) k() = 310 for each k € N. Also, since )y, is increasing and
unbounded by construction, from (4.23) we get Apw(Ag) — 0o as k — oo. Hence
Ak
[ER)[k
We now choose an increasing sequence of integers (ix)7>, where iy = 1 and if for & > 1,
ix—1 is chosen, we use (4.26) and take iy > ix_1 so large in order to get

k—1
1 +Vd—-1 1 1 3
o SwlIVElln @ Z e o [NTEE] < 570

(4.26) =:ap — 00 as k — oo.

(4.27)

ik

Clearly the choice of the sequence (ix) is independent of a particular F' since constants in
(4.27) are uniform for the entire family F. We define vy through its Fourier coefficients as
follows. If for & € Z% we have ¢ = ££(%) for some k € N then define c¢(vg) = c_¢(vg) =
|€| 7%, otherwise, set c¢(vg) = 0. We have that vy is uniform for all ' € F. Observe also,
that vg is simply the function from Step 2 with the difference that its Fourier spectrum
is now supported on the frequencies {+¢ (ik)}z‘;l and all non-zero Fourier coefficients are
positive.

We now complete the proof by showing that n, {\;, }32, and vy defined above satisfy
the Proposition. Plugging vg into (4.19), for each integer k£ > 1 we get

(4.28) /]R  F@)uM(z,0))dz = 2 g () 4+ D\ + Ta(V),

g [

where J;, ,

Y1 and X9 are defined as in (4.19). We have

kzl e [TE) + 10 =0

=1
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with I defined from (4.24). From this we obtain

(4.25) Vd—1 1 (4.27)
(4.29) [Z1(Ag)] < -

\f(“” [im |NTE )]

k—1
1
— sup ||VF||71(ra- 1)
N IVl
1 3 (426) 3 1
Ao 167 = 16 g@
For the subsequence {€(*)}%  of A the analogue of estimate (4.21) becomes

o0

(430) (S < 2AFllpgen Y o <2l Y. o <
2 g RNl
m 41

3 1 < 3 1

16 |tk +1=1) | irt1—1 =716 | €k ik 70,
where as before, we have used (4.16) and (4.17). Finally, the lower bound on (4.28) of the
Lemma follows by replacing k with i in (4.20) and applying estimates (4.29) and (4.30)
o (4.28).

The proof is now complete. O

Looking ahead let us remark here, that the importance of uniformity of the choices in
Lemma 4.3 will prove crucial in the applications. We now include a small modification of
the previous lemma to allow compactly supported functions, as well as shift of the origin
in the function vg. This situation emerges in applications of Lemma 4.3 to integrals arising
from Poisson kernels corresponding to bounded domains.

Lemma 4.5. Keeping the notation of Lemma 4.3, and conditions (a) and (b) in force,
assume in addition that the family F has the following properties:

(¢’) each F € T is supported in some closed ball Bp C R4, where the set of radii of
the balls B is bounded away from zero and infinity,
(d) F € CY(BF) for any F € F, and sup ||[VF|[11(p,) < oo,
Feg

(e) sup ||F|[poo(pp) < oo
Fer

Then there exist an irrational vector n € Sp, and an unbounded, strictly increasing
sequence of positive numbers {\;}72, such that for any Xy € R there exists a real-valued
function vg € C(T4%) for which the estimate

/ F )00 (MM (2, 0) + M Xo)dz — co(vo) / F(2)dz
Rd—1 Rd—1

holds for any F € F and each integer k > 1, whenever M € O(d) and Meg = n.

(4.31) > w(Ak)

Proof. For notational convenience we extend all functions F € F to R~! as zero outside
their supports. Observe that here the finiteness of the supremum of part (b) of Lemma
4.3 is automatically fulfilled.

We will start with the case Xg = 0. First carry out the proof of Lemma 4.3 up to
the definition (4.24). Since now functions from F have compact support, the bound in
(4.25) can not be obtained directly from integration by parts due to boundary terms
appearing in the integration. To overcome this technicality we introduce smooth cut-offs.
Let F € J be fixed, and let the closed ball B = B(w,r) be the support of F. Then by
(¢’) we know that r > ¢g > 0 for some absolute constant c¢g. For any A > 1/cy we have
B(zo,7 — A7Y) C B(wo,r) and we let ¢y : R~ — [0,1] be a smooth function such that
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¢x = 1 on B(xg,r — A), o = 0 on R\ B(xg,r), and |Vipy(2)] < 1\ for any z € RI~L,
where ¢ is some absolute constant.

Denoting by Ip the characteristic function of the ball B(zg,r), we decompose (4.24)
into

1066 = [ F@ls@n@e™ Voot [ P@la) @) Vs
=11 (A §) + L(X; €).
Observe that in I>(\; &) we have integration over B(zg,r) \ B(zg,r — A™!), hence by (e)
(4.32) [12(X: €)| < |B(zo,) \ Blzo,r — A7) 221;"FHL°°(R‘1—1) <Ol

For I7()\; €) we proceed as in (4.25), however here we will have an additional term coming
from partial integration, namely the one involving F'drp,. But observe that all derivatives
of ¢y are supported on B(xg,7) \ B(xg,7 — A~1), and hence using the estimate on the
gradient of ), along with condition (e) we get

/ |F(2)0hpa(@)|dz < 1 A|B(xo, 7) \ B(wo, 7 — A~")| sup ||F || oo ga-1) < C
Rd-1 Feg

where constants are uniform in F' and A. The last bound combined with (4.32) enables
us to obtain the estimate in (4.25) with possibly different absolute constants. Then, the
proof of the current lemma for Xg = 0 follows from exactly the same argument in Lemma
4.3 starting from (4.25) up to the end.

We now consider the case of any Xy € R%. Let n be the normal, {Ax} be the sequence,
and vy be the function for which (4.31) holds with Xy = 0. By constructions of Lemma
4.3 (Step 3 in particular) and for the case of Xy = 0 there is a strictly increasing sequence
of integers {i,,}°°_, and a set A = {€(™}°_ < 74\ {0} satisfying |¢(™)] < ¢+ for
all m € N, such that

o0

- 1 rig(m). _omie(m).

00(0) = g BRI [62 w0 4 gm2mit 9} , 0 c T
m=1

We now slightly adjust the coefficients of vy to handle the effect of the shift. Namely,
consider the function

oo
Uo(e) = Z 1 4 672ﬁi)\m£(m).Xoe2ﬂi£(M).9 4 e2ﬂi>‘mg(m)'X0672ﬂi£(m)-9 '
m=1

By definition, the Fourier coefficient c¢(vg) is the complex conjugate of c_¢(vg) for any
¢ € 79, hence vy is real-valued. It is also clear that vy € C*°(T%) and cq(vg) = 0. Following
(4.19) and plugging vy into (4.31) for each integer k > 1 we get
/ F(z)vo(Ae M (x,0)+ e Xo)dz = |£(k2)’1k / F(z) cos(2mApz” NTeW) da+ 31 (M) +32(Ap),

Rd—-1 Rd—1

where ¥; and ¥y are defined in analogy with (4.19). Observe that the integral on the
right-hand side of the above equality is the same as for Xy = 0, and the sums in Y and
3ls can be estimated exactly as in the case Xy = 0. Indeed, the only difference is that
coefficients in the sums are multiplied by complex numbers having length 1 (namely the
exponents involving Xg). This fact will have no effect when taking absolute values of the
terms in the sums, which is precisely what we do to bound ¥; and ¥s. Since the analysis
is reduced to the case Xg = 0, the proof of the lemma is now complete. U
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Proof of Theorem 1.1. We will assume that
(4.33) tﬁw(t) — 00, ast— oo.

This assumption results in no loss of generality, for a similar argument as in (4.23). The
reason for (4.33) is to have slower speed of decay than the error term involved in (4.8) for
a parameter k = 1/(4d).

Let 1 < < d be fixed from (1.5). From (4.1) and (1.5) we get x*7 = 0. The latter
combined with (4.2) implies that for the corresponding boundary layer corrector we have
vp? =0 for any n € Sl Forl<a<dandn € Sd_l, vn'® solves a uniformly elliptic
PDE in €,, with periodic and smooth coeflicients, and with boundary data x™%, hence
standard elliptic regularity implies that there is a constant Cy independent of n, such that
|Vyun®(y)| < Cp for any y € 09, and each 1 < o < d. From this, and the fact that
v = 0 it follows that there exists an open subset of the sphere S, C S%1 such that for
any n € Sy and any M € O(d) with Meyq = n, one has

(4.34) 14 na[0:,x (A2, 0)) 4+ 0., vip* (A(Z',0))] | =

DN | =

for all 2/ € R%! and any A > 0. Indeed, we simply choose S, so that each n € S, has its
~v-th component sufficiently close to 1.

For n € S9! we fix some M, € O(d) satisfying M,eq = n and let G%"(,-) be
the Green’s kernel for the pair (ML A°M,,R%). Consider the family of functions F :=
{Fy}pesa—1, where we have F,(x) := 05, 4G%"(eq, (z,0)) for x € R4"1. By Lemma 4.2 the
family JF satisfies conditions (a), (b) and (c) of Lemma 4.3.

Recall that solutions to boundary layer problems are constructed via the reduced
boundary layer systems of form (2.2), hence we have

(4.35) v (y) = v (Mpz) = v (2) = VH(NLZ, 24)

n

where V% solves the corresponding problem (2.2), and as is usual M,, = [Np|n]. In
particular we have that V.%(-,t) is Z%periodic for any ¢ > 0, and is smooth with respect
to all its variables. Here one should take into account the subtlety, that V&, and hence
also v;;*, implicitly depend on the matrix M,,, but as the choice of M,, is now fixed, we
may ignore this dependence.

For n € S*! consider the function

\Ijn(y) =1+ Ny (n : VyXa(?/) + 8tvna(y7 0))7 y e Rdv

where V,% is fixed from (4.35). Clearly, ¥,, € C*°(T?). From (4.6) we see that 9,, =n-V,
which gives the relation between normal derivatives. Now, if y € 9€0,,, we get

(4.36) HVIM(NZ',0) = 0,,vi*(2,0) = n- V,ur*(y).

From here, the definition of ¥,, and (4.34), let us show that for any irrational n € S, one
has

(4.37) 1T, (y)| > 1/2 for all y € R%

The small nuance, that (4.37) needs the normal to be irrational as compared with (4.34)
lies in the fact that (4.34) holds on the boundary of €2,, while here we need the entire
space R?. To see (4.37), observe that for y = Nz’ with 2/ € R%! the lower bound we need
is due to (4.34) and (4.36). Now, if the normal n is irrational, then {Nz': 2’ € R¥"1} is
everywhere dense in T¢, which is the unit cell of periodicity of ¥,,, hence the continuity
of ¥,, completes the proof of (4.37).

We now apply Lemma 4.3 for the family F and modulus of continuity 2w, and let v € S,
be the unit irrational vector and {\;}72; be the increasing sequence given by Lemma 4.3.
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Thus for v we have (4.37). Next, for a function F,(z) let 7y € C*°(T%) be the function
given by Lemma 4.3 for which

(4.38) > 2w( M),

/ Fy (2)v0 (MM, (2, 0))dx — co(vo) Fy(z)dx
Rad-1 Rd-1

where ¢o(vg) is the 0-th Fourier coefficient and k£ = 1,2, ... . Ellipticity of A implies that
v A(y)v > colv]? = ¢ for any y € R?, with absolute constant ¢y > 0, hence taking into
account (4.37) we define

(4.39) voly) == 11)'60@), yERY,

v A(y)v W (y
and get vy € C>°(T?).
Finally, we claim that v, {\;}72, and vy defined by (4.39) satisfy the Theorem. Indeed
by (4.8) the solution to boundary layer problem with these parameters has the form

o(y) = / D GO (eq, (2, 0))To(AM, (,0))d=’ + O(A~ ),
Rdfl

where the parameter x in (4.8) is set to 1/(4d). The last expression combined with (4.38)
and (4.33) completes the proof of the Theorem. O

5. APPLICATION TO BOUNDARY VALUE HOMOGENIZATION

This section is devoted to the proof of Theorem 1.3, but before delving into details,
we sketch the main idea behind the proof. By [2]-[4] we know that the boundary value
homogenization of type considered in (1.7) is determined by geometric properties of the
boundary of the reference domain, such as non-vanishing Gaussian curvature [2]-[3], or
flat pieces with Diophantine normals [4]. Under these conditions one is able to deduce
effective upper bounds on convergence rates for the homogenization, where the rate will
be uniform with respect to the boundary data. With these in mind, a suitable candidate
of domain D for Theorem 1.3 is a C'*° domain such that part of its boundary has non-
vanishing Gaussian curvature, while the rest is a piece of a hyperplane. Then relying on
integral representation of solutions to (1.7) via Poisson kernel, one splits the integral into
two parts, namely over curved and flat boundaries. The next step is to show that the
contribution of the curved part has a prescribed rate of decay determined only by the
embedding of D into R?, and hence is invariant under rotations of the domain. This
step can be fulfilled by adapting the methods of [2]-[3]. For the integral over the flat
part one shows, using Lemma 4.5, that after a suitable rotation of the domain and an
appropriate choice of the boundary data it can be made comparatively large. In this
section we rigorously implement this idea.

5.1. Preliminary results. We present some technical results which will be used for the
proof of Theorem 1.3 below.

Assume we have a bounded domain D C R? (d > 2) with smooth boundary, and a
divergence form operator £ := —V - A(z)V where coefficient matrix A is defined in D,
and is strictly elliptic, and smooth. Note, that we do not impose any structural condition
nor any periodicity assumption on A. Next, we let P(x,y) : D x 9D — R be the Poisson
kernel for the operator £ in the domain D. Then by Lemma 5.6 we have

d(z)
|z —y|d’

where the constant Cp = Cp(A, D, d). With this notation we have

(5.1) |P(x,y)| < Cp xeD, yeodD,
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Lemma 5.1. Let I be an open and connected subset of 0D and Dy € D be fized. Then

inf P d > 0.
it [ Pyt

Proof. As a trivial observation, before we start the proof, notice that if II is the entire
boundary of D, then the integral in question is identically 1. The general case, however,
requires some care. The proof is motivated by [3, Lemma 3.1]. We will use integral
representation of solutions, to get a more precise version of the maximum principle. Fix
a sequence of smooth functions {g,}°%, where g, : R — [0, 1] such that g, = 1 on II,
and for any domain II ¢ RY which compactly contains II, the sequence {g,} uniformly
converges to 0 outside I as n — co. We let u, be the solution to Dirichlet problem for £
in domain D having boundary data g, Fix some & € II. Since II is open in 0D there
exists dg > 0 such that

(5.2) [y€aD:|y—€ <d}CIL
We get

(53)  Jun(e) — ga(6)] = ' [ Pt - gn<s>]da<y>\ <

lon-

/ |P(2,9)gn(y) — gn(§)]|do(y) =
oD

[ 1Pent) - an@dot) < 20rd@llgalic= [ S
ly—¢[>do ly—¢[>60 |2 = |
where we have used (5.2) and the fact that g, = 1 on II to pass from the second row of
(5.3) to the first expression of the last row. We now choose x € D such that |z —¢| < dp/2.
The triangle inequality implies |z —y| > /2 for all y € D satistying |y —&| > dp. Hence,
the last integral in (5.3) can be estimated as follows

d—2
(5.4) / do(y) <2 / t—dt ,
ly—el>50 1T — Y ly—&|>d0 Iy f\ 5 5

with some positive Cyp = Cy(d) uniform in x and Jp, and we have invoked integration
in spherical coordinates to estimate the surface integral. Without loss of generality we
assume that constants Cy, Cp > 1. We now fix g € D such that

do do do
— < < .
2 and 10CyCp — d(x(]) — 4CyCp

(5.5) g — ¢ < 2

This is always possible, provided dg > 0 is small enough. Denote D := Dy U {z¢}. From
(5.4) and (5.3) we obtain |u, (o) — gn(§)| < 1/2, hence the triangle inequality implies

(5.6) |un(zo)| = |gn(§) + un(x0) — gn(&)] = [gn(E)] = lun(zo) — gn(§)| = 1 = 1/2 =1/2.

From (5.6) one has supp u, > 1/2 for any n € N. From the maximum principle we infer
that all u,, are everywhere non-negative in D, thus applying Moser’s version of Harnack’s
inequality (see e.g. [14, Theorem 8.20]) we get

(5.7) 1/2 <supu, < Cyinfu, < i%fun, n=12,..,
D

where the constant C1 = C1(d, A, 15, D). We have the representation

un(r) = [ P(z,y)gn(y)do(y),  x€D.
oD
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Using the construction of g, we pass to the limit in the last integral, getting by (5.7) that

. 1
/HP(:U,y)da(y) = nh_)n(r)lo Up(z) > 20 Vx € Dy.

The proof is complete. O

We will also need a version of the last lemma, for a family of Poisson kernels correspond-
ing to a rotated images of a given domain. To fix the ideas, recall that the coefficient matrix
of (1.7) is defined on some fixed domain X. Let D € X be a bounded domain with C*°
boundary. For a matrix M € O(d) define an orthogonal transformation M : RY — R? by
Mz = Mz, z € R? and consider the rotated domain Dy, := MD. Obviously Dy is a
bounded domain, it is also clear that 9Dy = M(9Dy) since M is a diffeomorphism. Next,
the smoothness of D), follows directly form the definition of smooth boundary (see e.g.
Section 6.2 of [14]). We shall take the diameter of D sufficiently small so that Dy € X
for any M € O(d). Now we get the following version of the previous lemma.

Corollary 5.2. Let D C X be as above and let Il C 0D be open and connected. Fix
By @ D and for some small constant cog > 0 denote

O:={M € O(d) : By C Dy and dist(Boy,dDys) > o}
Then
inf [ Py(epidot) > o
MeO, zeBy J1I
where Iy = M(IT) and Py is the Poisson kernel for the pair (A, Day).

Proof. For each fixed M € O the infimum is positive in view of Lemma 5.1, and we
will simply follow the dependence of constants in the proof of Lemma 5.1 on the rotation
introduced by M. First of all by Lemma 5.6 we have that the constant in (5.1) is indepen-
dent of M therefore (5.5) is uniform with respect to M. Concerning the use of Harnack
inequality in (5.7) referring to [14, Theorem 8.20] we know that constants for a ball of
radius R > 0 depend on dimension of the space, ellipticity bounds of the operator, and
the radius R. Here we have the same operator for all domains Dj;. Finally, the uniform
distance of By from the boundary of Djs for each M € O, along with standard covering
argument extending the Harnack inequality from balls to arbitrary sets, shows that the
constant C; of (5.7) can be chosen independently of M. As the choice of all constants
in the proof of Lemma 5.1 can be made uniform with respect to M € 6, the proof is
complete. O

The next lemma is used in the localization argument of Proposition 5.14 below.
Lemma 5.3. For g > 0 let ¢ € C3(B,,(0)) and assume that ¥(0) = |V1(0)| = 0 and
Hesst)(0) := (92514 5-1(0) = diag(ar, ..., ag) € Mq(R),

where 0 < a; < ... < aq. Then there exist positive constants cy = co(d, ||¥]|cs) < 1 =
ca(d, |[|Y)|es) < rofar, and K1 = K1(d) <1 < Ky = Ko(d,||¢||c2) such that

() Kiai|e —y| <[VY(r) = Vi(y)| < Kalz —yl,  Va,y € B(0,cian),
(ii) if dap is the Kronecker symbol, then for any 1 < «, B < d one has
10259 (2) — aadap| <
(iii) B(0,cpa?) C (V) (B(0,c1a1)).

2%7161’ Vz € B(O,clal),
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Proof. We start with part (i). For any x,y € B,,(0) by Mean-Value Theorem we have

d d
(5.8)  [Ve(x) = V) <Y 10ath(x) — 0utp ()| < Y 10250 oo (5, (0|2 — Yl
a=1

a,B=1
which demonstrates the upper bound of (i). To obtain a lower bound, for 1 < o < d
d
and = € By, (0) set go(z) = |02, 0(z) — X |8§ﬁd)(x)|, obviously g,(0) = aq > 0. By
B=1,B#c

C3-smoothness of 1) we have that each g, has linear modulus of continuity, hence there
exists a constant ¢; = ¢1(d, ||1||¢3) such that for all |z| < ¢194(0) we get go(z) > 94(0)/2.
From here for any x,y € Be,q,(0) Mean-Value Theorem yields

d d
(5.9) |[Vi(x) = Vo) = ca D 10ath(x) = 0atb(W)] = ca Y [V(0ath)(7a) - (x = )],
a=1 a=1
where 7, lies on the segment [z, y| and ¢, is a constant depending on dimension. We next

fix 1 <a<dfrom |xy —yo| = 1I£15a§d |zg — ysl, and invoking (5.9) we get

(5.10)  [V(z) = Vi(y)| = calV(0a¥)(Ta) - (& = y)| = caga(Ta)|Ta — Ya| = cqar|z —yl.
Combining (5.8) and (5.10) for any z,y € Bc,q,(0) we obtain
(5.11) Ko — y] < [V(z) ~ V()| < Kol — yl,
with constants Ky = Ka(d, ||¢||c2) > 1 and K7 = K1(d) < 1. This completes the proof of
part (i).

Since 8351/) for each 1 < «, 8 < d has linear modulus of continuity, the claim of (ii)
follows easily by Mean-Value Theorem with ¢; sufficiently small. We now proceed to (iii).

By (5.11) the mapping V) is invertible in a neighbourhood of the origin, and (iii) is
simply an effective version of Inverse Mapping Theorem. The desired bound follows from
the estimate ||(Hessy(0)) 71| < a!, C3-smoothness of v, and [21, Theorem 1.1]%

The proof of the lemma is complete. O

5.2. A prototypic domain. We introduce a class of domains, call them prototypes, which
will be used in the proof of Theorem 1.3. Let P be a convex polytope, i.e. a convex
bounded domain, which is an intersection of a finite number of halfspaces. We assume
that P C {x € RY: x4 < 0} and that 0 € R? is an inner point of 9P N {z4 = 0}. We fix
some Iy € 0PN {z4 = 0}, a (d — 1)-dimensional closed ball centred at 0. Now let Dy C P
be a bounded domain having the following properties:

(P1) Dy is convex with C* boundary,
(P2) 0DgN{z € RY: x4 =0} =Ty,

4Observe that the function ¢ () = a12? + ... + agz? manifests that order of the radius of the ball in (iii)
is generally the best possible. Also, since ©» € C®, here one may have a direct treatment for (iii) by a
well-known approach to Inverse Function Theorem. Indeed, set F(z) = V(z), |z| < cia1 and let y € R?
be fixed. We need to determine the range of y where the equation F(z) = y has a solution in = from
B(0,c1a1). For this, one may utilize the celebrated method of Newton for finding roots of equations by
studying the mapping G(z) = z — (VF(0)) "} (F(z) — y), where the Jacobian of F is the Hessian of .
Clearly F(z) = y iff G(z) = =, i.e. it is enough to figure out when G is a contraction. The latter can be
resolved easily relying on the C3-smoothness of 1, and determining the range of y when G maps the closed
ball B(0, coa1) into itself and has differential of norm less than 1. The details are easy to recover and we
omit them.
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(P3) if z € 0Dy with x4 # 0, the Gaussian curvature of 0Dy at z is strictly positive,
(P4) we fix some ball By lying compactly inside Dy.

Typically we will embed the whole construction inside a given large domain X. Exis-
tence of Dy satisfying (P1)-(P4) follows directly, as a special case, from an elegant con-
struction due to M. Ghomi in connection with smoothing of convex polytopes, see [13,
Theorem 1.1]. The following picture gives a schematic view of the construction.

FIGURE 1. A prototypic domain Dy obtained as smooth approximation of a polytope.
Here X is some fixed domain containing 0 € R? in its interior. Then P is any convex
polygon sitting inside X N {z € R?: x4 < 0}, with non-empty interior, and with part of
its flat boundary lying on the hyperplane {xq = 0}. We next take a closed flat ball Iy,
the dashed part on the boundary of P, and invoke [13, Theorem 1.1]. Finally, a ball By
is fixed compactly inside Dy.

The following notation will be in force throughout the section. Set I'g := 0Dg and for
d > 0 denote I's = {z € 'y : dist(z,Ilp) > d}, where Iy is the (d — 1)-dimensional ball
fixed from (P2) above. Define

A2 ) = mi i
242 WO = Ja )

where k4 () is the a-th principal curvature of I'g at =, and the minimum over I's exists
in view of the smoothness of I'g and compactness of I's. In the sequel we assume ¢ > 0 is
small enough so that T's # (. Due to property (P3) we have

(5.13) k(0) >0 and k(0) \yOasd — 0+.

The next proposition is one of the key ingredients of the proof of Theorem 1.3.

Proposition 5.4. There exists a modulus of continuity wy determined by the decay rate
of the function k(0) defined in (5.12) such that for any smooth function P : Ty — R, any
g € C®(TY) satisfying Jpa9 =0, any yo € R?, and any M € O(d) one has

(5.14)

/F\H P(y)g(AMy + yo)do(y)| < Cwo(M|IPllcr g ll9llcacray, — VA>T,
0 0

with a positive constant C' depending only on dimension d and embedding of Ty in R%.

Remark 5.5. One may claim a decay of the integral in (5.14) relying on [18] for example,
however without any explicit bounds we have in the current formulation and which we need
for applications. The proof of this proposition is based on adaptation of methods from
[2]-[3] both of which work with strictly convex domains, showing that integrals similar to
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(5.14) and involving singular kernel (namely, Poisson’s kernel) decay with some prescribed
algebraic rate as X\ — oco. The difference of the current case from [2]-[3] is that on one
hand here we do not have a singularity introduced by an integration kernel, which gives
an extra freedom to the entire analysis. On the other hand the strict convexity of the
hypersurface deteriorates, and we have integration over a hypersurface with boundary;
both of these factors introduce some technical difficulties which entail somewhat refined
analysis at certain points.

Proof of Proposition 5.4. The proof is partitioned into few steps.

Step 1. Localization. We localize the integral of (5.14) in a neighbourhood of each
point z € I'g of positive curvature. Fix § > 0 small. The hypersurface I'g is locally a
graph of a smooth function, thus there exists r > 0 small such that for any z € I's5 there
is an orthogonal transformation R : R — R? satisfying

(5.15) (R(To — 2)) N By (0) = {(a',9(z)) = |2'| <7},

where 2’ = (x1,...,24_1), ¥ is smooth on {2’ € R4~ : |2/| < 2r}, ¥(0) = |V4(0)| = 0 and
for the Hessian of v we have

(5.16) Hessy(0) =diag(ay, ..., aq—-1) € Mq—1(R),

(517) 0< I{((S) <a1 <as <...<ag-1 <Ch.

Here a,, is the a-th principal curvature of 'y at z, and the lower bound of (5.17) is due to
(5.12), while the universal upper bound, as well as the bound [Hessy(2')| < Cp, for any
|2’| < 2r, are both due to the smoothness of T'g. Also, r is independent of z and §, and
depends on the embedding of hypersurface I'y in R%.

By Lemma 5.3 there exist constants K; < Ky and ¢y < ¢; controlled by dimension d
and C3-norm of 1, and independent of the principal curvatures of I, such that

(a) Kyiaq]2!| < |Vy(a')| < Kpl2!| for all |2'| < craq,
(b) for any 1 < a, f < d — 1 setting d,g to be the Kronecker symbol, we get

10250 (2') — Gabug| < —=

10d’
(¢) |¥| < coa? implies that there exists a unique |2'| < cia; so that Vi (2') = /.

|| < craq,

Denote

C[) 2
1 Ls =

(5 8) 5 4dK2 0/1

and consider a family of balls B = {B(z, 1 Ls) : z € T'ys5}. Clearly B covers I'ss, hence by

Vitali covering lemma there exists a finite collection of disjoint balls By = {B(z;, % Ls) :
j=1,...,Ms} C B such that

Ms
(5.19) Lo C U B(zj, Ls) =: Tas.

j=1
As T’y is a graph in Ls-neighbourhood of any z € I'ys we get volg_1(B(2;, Ls/5) NT'g5) <
L3471, From this, (5.18) and (5.17) it easily follows that

(5.20) My < CL; 7Y < C(k(5)) 24D,

with an absolute constant C'. For 1 < j < M; set B; := B(zj, L), we now define a smooth
partition of unity subordinate to these balls. Fix a smooth function ¥ : R¢ — [0, 1], such
that ¥(z) = 0, for |z| > 1 and ¥(z) = 1 for |z| < 1. Define ¥s;(z) = V(L5 (z — z;)),
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1
M
then clearly suppW¥s; C B;. Now let o5 ; := (Z \IJ(;J) Vs ;. By construction we have
i=1
Ms
that o5 ; is supported in Bj, Y ¢s5; = 1 on I'ys, and
j=1

(5.21) Vs j(z)| < CL;',  zeRY

where the constant C' is independent of j and §. Now for 1 < j < Mj define

(5.22) I = / P)g(AMy + 90)ps, (5)do(y).

Step 2. Reduction to oscillatory integrals. In (5.22) make a change of variables by
setting y = R 1z + z;j, where the orthogonal transformation R is fixed as in (5.15). We
next observe that the integral in (5.22) is over B(zj, Ls) NIy, and I'g is a graph in the
Ls-neighbourhood of z;. With these in mind we make the change of variable in I; and
then pass to volume integration obtaining by so

(5.23)
L= [ (Posp)ers® 1)y (M2 + AMR G 0() + o) (LHVO() )20
|2'|<Ls
For t € R set exp(t) := e?™. Next, for £ € Z% let ce(g) be the &-th Fourier coefficient

of g. According to the assumption of the proposition we have c¢y(g) = 0. Using the
smoothness of g and expanding it into Fourier series we get

(5.24) g (AMzj + AMR™N(Z 4(2) +yo) =
> celglexp (A - Mz + & - yo) exp ARMTE - (2, 4(2)] |
£ezN\{0}

where we have also used the orthogonality of M and R. For ¢ € Z% set RMT¢ :=n :=
Inl(n/,ng) with (n’,ng) € S™1. By orthogonality of M and R we have || = |£|. Next,
define

F() =n"- 2 +nap(?),
and
®;(2') = (Pess)(z + R, () (1+ Vo)) V2
From the definition of the cut-off @5 ; we have
(5.25) 12;ller < ClIPllea Ly,

uniformly for all 1 < j < Mj with an absolute constant C' . With these notation, from
(5.23) and (5.24) we get

(5.26) L= > ce(gexp(Ae- Mzj+&-yo) L,
gez4\ {0}
where
(5.27) I — / &, (= )exp [ME|F()] d=.
|2/|<Ls

Step 3. Decay of I;. We analyse the decay of each I;¢ in two distinct cases.
Case 1. |n/| > cpa? /2.
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Fix 1 < o < d—1 so that |n,| = maxi<g<q_1 [ng|, clearly |ny| > |n'|/d. From this,
definition of F', (5.18) and assertion (a) of Step 1, on the support of ®; we have

(5.28)  [0aF(2")| = [na + 1adatp ()| = [nal — [0atb(2)] =
Coa% Coa% (&) 2

W e ry > K
—_— — R = —aj.
24 2T 2d  TP4dK,  4d !
Integrating by parts in I;¢ in the a-th coordinate, and then employing (5.28) and (5.25)
we get

Ll < COME)™ /

(b4
2 ( j <z’>) ] 42’ < COe) 'L a4 Pllon L

|2'|<Ls Ou I
with an absolute constant independent of j. From here and (5.18) we have
(5.29) il < CONED I Pllerat®®.

Case 2. |n/| < cpa?/2.
n/
ng

there exists a unique z) € B(0, cia1) such that Vip(z)) = —2, and hence VF(z}) = 0.

= -,
Observe that z{, is not necessarily from the support of ®;. For 1 < a < d — 1 consider the
cone

Since |(n/,ng)| = 1 and ¢y is small we have |ng| > 1/2 and hence < cpa?. By (c)

1
Co=<7eR¥L: |2 >z’},
.= { 2ol 2 5l
clearly U;l;ll(‘fa = R%1. Now for fixed 1 < a < d—1 take 2’ € G, such that |z +2'| < cray.
Using estimate (b) of Step 1, the facts that |ng| > 1/2 and VF(z() = 0, and invoking
Mean-Value Theorem, for some 7 on the segment [z, z(, + 2] we get

oF oOF OF
/ / / / / /
. —_— = | — _ = ha— N >
630 o5 o+ = |5t + ) - g (ab)| = | (Vo ) () 2
d—1
mal {102,002l = Y 03atb(r)zsl | = Canfe,
B=1, B#a

with an absolute constant C' > 0. Since the cones {C,} cover R4~ foreach 1 < a < d—1
there exists w, supported in €, smooth away from the origin and homogeneous of degree
0 such that

d—1
Zwa(z') =1, vz # 0.
a=1

Observe that since each w, is homogeneous of degree 0, for all 1 < o < d—1 and non-zero
2" € R%1 near the origin we have

(5.31) |8awa(z')’ <C

= M7
with an absolute constant C.
Now fix a non-negative function h € C°°(R%~1) satisfying h(z') = 0 for |2/| > 2 and
h(z') =1 for |2/| < 1. Setting 2’ = 2’ — x, form (5.27) we get
L = /R @+ o) exp [MEIF(ah + )] da’ o= 1) + 1,

where
10— [ MO+ e [T o 09
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From the definition of A we have

(5.32) 1] < CA~E@D2) P .

d—1
The second part we decomposed as IJ(? = > IJ(.?’Q where

a=1 "
IJ(.?"“ = / wa (') (1 — RAY22"))®, () + o) exp [A[E|F (z + 2)] da'.
’ Rd—1

We now invoke partial integration in a-th coordinate, and with the aid of estimates (5.30),
(5.31) and (5.25) we get

[@a < QEDT [ | (1= BV L P+ N2 (0uh) N2 [P | '+
<R el ;
|z +x'|<Ls

N 1
(Alel) / |x/|2(1—h()\l/Qx’))HPHLoodm’.
|zg+a'|<Ls

We now use the definition of h, and that of Ls given by (5.18), and employ integration in
spherical coordinates by so appearing to

o N Mg~
(5.39) 12 5 QR sy o QR
b 1 1

with an absolute constant® C. By (5.32) and (5.33), along with the definition (5.18) we
get

(5.34) [l < CATV|Pllgrar.

Step 4. Final estimates. We now put everything together. By [2, Lemma 2.3] we have
1/2

(5.35) S olel<o| S IVl |

¢ez\{0} a€Zt, |al=d

where V* = 907" o ... 0 97%, |a| = || + ... + |aq|, and constant C' = C(d).
Now let I(A) be the integral in (5.14). From (5.22) and (5.19) we get

Ms
(5.36) IN=3 L+ [ P)gMy+p)do(y)
j=1 (FO\HO)\FQ(S
The definition of T'gs infers volg_1((To \ IIo) \ Ta5) < &, hence by (5.36) it follows that

M

(5.37) LIS D]+ 611P |z llgl 2o
j=1

50mne may get more precise decay rate in A\ depending on dimension, cf. [3, p. 76], however the crude
estimates we have here are enough for our purpose.
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We thus get
111 < leel9)l el (by (5.26))
£#£0
< Z lce(g) [ N3 1||P\|an2d 8+ )\_1/2||P|\01af3 (by (5.29) and (5.34))
€40
SA2ar[Pller Y lee(g)

€40
S AT2((0)HIPllcallgllca (by (5.35) and (5.17)),

where the constants are uniform in 1 < j < Mj and 6 > 0. Using this bound on I; along
with estimate (5.20) on My, from (5.37) we get

(5.38) IS A2(k(0) 72D 4 6]11Pll e gl ca,

for any 6 > 0 small and any A > 1. It is left to optimize the last inequality in §, for which
consider the function f(d) := §(x(6))%@* in the interval (0,8p) where dy > 0 is small.
It follows from definition of x(J) in (5.12) that f is continuous and strictly increasing in
(0,0p), and converges to 0 as 6 — 0+. Hence for each A > 0 large enough there is a unique
0 <& = 6(\) < d such that A™1/2 = f(§()\)). Define wy(A) := §(\) and observe that
wo(A) = f~H(A"1/2), where £~ is the inverse of f. It readily follows from the mentioned
properties of f that wg is a modulus of continuity. Finally, for given A > 0 large, applying
inequality (5.38) with 6 = 6(X) we get [I(A)] < wo(N)||P]]c1]lgl|ca completing the proof of
the proposition. O

Proof of Theorem 1.3. Recall that the coefficient matrix of (1.7) is defined on
some fixed domain X. Take any xg in the interior of X and consider the translated
domain X — xg. Since the origin lies in the interior of X — zy we fix Dy € X — xg, any
prototypic domain constructed in subsection 5.2. Following the notation of this section,
we let I'g := 0Dy and by Iy we denote the flat portion of I'g, which by (P2) is a (d — 1)-
dimensional closed ball. Finally, we fix a ball By from property (P4) formulated above.
For a matrix M € O(d) let bounded domain Djs be the rotated image of Dy by M as
defined in subsection 5.1. Set I'y; = 0Dj, as we have already discussed I'j; is smooth
and we have I'yy = M(Ig). Since M is orthogonal, it follows that IIy; := MIly C 0Dy
is a (d — 1)-dimensional ball lying in a hyperplane passing through the origin and having
normal equal to Mey. Finally, we fix a small closed neighbourhood Sy C St of e, with
non-empty interior, such that for any n € Sy if M € O(d) with Mey; = n, then the
corresponding rotated domain Dy lies in X — xg and compactly contains the ball By.
Fix a function g € C*(T¢) with the property Jpa g =0, and a unit vector n € Sy along
with a matrix M € O(d) satisfying Meys = n. For € > 0 let u. be the smooth solution to

(5.39) —V-A(x)Vue(z) =0in Dys + g and ue(z) = g(x/e) on T'pr + xp.

Since g has mean zero, by (1.8) we get that ug, the homogenized solution corresponding
o (5.39), is identically zero. Now let Py : (Da + xo) % (I'ng + 29) — R be the Poisson
kernel for the pair (A, Dy + o). For © € Dy + xp we have

(540)  ue(z) = / Pas(, 9)g(y/e)dons (y) = / 4 / I+ L.
T'ay+xo Iar+xo T\ +xo

Observe that 'y \ I is the part of the boundary of Dj; with non-vanishing (positive)
Gaussian curvature, while ITy; is a flat ball (notice that principal curvatures are orthogonal
invariants, hence do not change after rotation, see for example [14, Section 14.6]). The
aim is to show that Iy has some prescribed decay rate in € independently of M, while the
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decay of I; can be made as slow as one wish. Setting A = 1/¢ and then translating the
origin to zo and rotating the coordinate system by M7 we get

I =L(\z) = / Prr(x, Mz + x0)g(AM z + Axo)doo(z).
T'o\Io
For each fixed z € By + x¢ by (5.50) the function Pps(x,- 4+ x¢) is C*° on I'js, hence
applying Proposition 5.4 we obtain
12| < Cowo (M| Pa(z, - + zo)l|lcr oy ll9llcacray, 2 € Bo + o,

with an absolute constant® Cp. By Lemma 5.6 we have ||Py(z,- + o)|lcr(r,,) < Co
uniformly for x € By + x¢ and matrix M as above. The latter implies that

(5.41) ‘IQ()\;I'” < ngo()\)||g||cd(qu), x € By + xg.

For the flat part of the integral we denote by I; the characteristic function of II;; and
extend Pys(x,-) as zero outside Ily; + xo. With these notation we get

(5.42) L =L(\x) = P,y + x0)g(A\y + Azo)dor (y) =
I,

| Pty a0 a0 + Xeo)doty) =
yon—
/ B Pyp(z, Mz + xo)lp (Mz)g(AM z + Axg)dog(z2) =

/ P (z, M(2',0) + z0) Ins (M (2',0)) g (AM(2',0) + Azo) d7'.
Rd—1
Consider the following 2-parameter family of functions

(5.43) F := {Fpn(2') := Py, M(2',0) 4 x0)Ip (M (2,0)), 2 € R where
x € By+ x9, M € O(d) with Meg =n and n € Sp}.

Let us see that the family F satisfies all conditions of Lemma 4.5. Indeed, the assumption
(¢’) of the lemma is simply due to the construction of domain Dy and orthogonality of
matrices M. Next, (c’) combined with the estimate (5.51) implies assumption (b) of
Lemma 4.3. Items (d) and (e) of Lemma 4.5 are due to (5.52) and (5.51) correspondingly.
It is left to verify the assumption with the lower bound on the integrals in part (a) of
Lemma 4.3. The latter is due to Corollary 5.2.

We now apply Lemma 4.5 to the family F for modulus of continuity A\ — w(\) +
w(l)/ 2()\), where w is the one fixed in the formulation of the theorem, and wy is determined
from (5.41). By doing so we get an irrational normal n € Sy, a function g € C*°(T¢) with
the property de g = 0, and a strictly increasing sequence of positive numbers {\;}32,
such that for any M € O(d) satisfying Meyg = n from (5.42) we have

(5.44) Lk 7)| > w) +wi? (), 2 €Bo+a0,  k=1,2,....

Since wp decays at infinity, combining (5.44) and (5.41) and setting ¢ = 1/Ag, from
the representation (5.40) for any x € By + xg we get
(5.45)
ey (@)] > [T (o3 2)| = [Eaens @) = w(Ae) +wg’* () = Cowo(e)llgllcumay > w(l/e),

if £ > 1 large enough. Finally, as a domain D of the Theorem we take Dj; + x¢ where
Dy is any domain having n as the normal of its flat boundary, where n is obtained from

60bserve that the constant in Proposition 5.4 is independent of the shift and hence having Azo in g still
results in a constant independent of .
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Lemma 4.5 (note that D is defined modulo O(d — 1)), and as D’ we take By + x¢, where
By is the ball fixed above. Since [r,g = 0, the homogenized problem (1.8) has only a
trivial solution. Thus (5.45) completes the proof of part a) of the theorem.

We now prove part b). Observe that an argument similar to what we had for (5.41)
shows that I>(\,z) = 0 as A — oo for any x € D = D)y + xo. Hence, taking into account
decomposition (5.40), it is enough to show that I (A\;z) — 0 as A\ — oo for all z € D.
We may assume without loss of generality, by passing to a subset of Sy if necessary, that
ng # 0, where the unit vector n is fixed from part a). Now take any subset II of I1y; + xg
such that the projection of IT onto R4~! x {0} is a (d — 1)-dimensional rectangle, which
we will denote by [a1,b1] X ... X [ag—1,b4—1]. To show that I;(\;z) decays it is enough to
prove that the integral

(5.46) 105) = [ Purle. ooy
converges to 0 as A — oo for any z € D. The latter follows easily. Indeed, since ng # 0
for y € II we have yq = —nid(nlyl + ...+ ng-1y4—1) hence passing to volume integration in
(5.46) and expanding ¢ into Fourier series, for each x € D we get
(5.47)
b1 ba—1 d—1 Nk
I(X;z) = ch(g)/ / P2y, ya) | | exp ka - £d> /\yk} dyy...dyq-1,
£#£0 ai ad—1 k=1 nd
where yq = —nid(nlyl + .. + ng_1yq_1), and as before exp(t) = €2™ t € R. Since n is

irrational, it is easy to see that at least one of the exponentials in the last expression is non-
trivial, i.e. for any non-zero ¢ € Z% there is 1 < k < d — 1 such that &, — Z—Zﬁd # 0. Using
this and the smoothness of Pys(x,-) which is due to Lemma 5.6, in (5.47) for each non-zero
& we integrate by parts with respect to the corresponding k-th coordinate, obtaining by
so that each integral in (5.47) decays as A — oo. Observe as well that for each fixed
x, integrals in (5.47) are uniformly bounded with respect to A and £ in view of (5.51).
Finally, the series of Fourier coefficients of g converges absolutely due to the smoothness of
g. This, coupled with uniform boundedness and decay of integrals in (5.47), easily implies
that I(A;z) — 0 as A\ — oo for each fixed z € D, completing the proof of part b) of the
theorem.

The theorem is proved. O

5.3. Concluding comments. The reader may have observed that the approach we have
here has a potential to work for homogenization problems when solutions to the underlying
PDE admit integral representation with some nice control for representation kernels. For
example, one should be able to treat the periodic homogenization of Neumann boundary
data with the methods developed in this note. It also seems plausible, possibly with some
more work, that one can study homogenization of almost-periodic boundary data as well
using a similar analysis.

The reason we can not readily allow (periodic) oscillations in the operator of the prob-
lem (1.7) is due to the absence of the necessary control over the Poisson kernel correspond-
ing to oscillating operator. In particular, we do not have uniform (with respect to ¢ > 0)
bounds on C'-norms similar to those in Lemma 5.6 at our disposal. One possible detour
of this obstacle is the use of results on homogenization of Poisson kernel for the e-problem
considered in [16], to reduce matters to a fixed operator, where the analysis of the current
paper can be utilized (cf. the proof of Theorem 1.7 of [3]).
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APPENDIX

We give some basic estimates on Green’s and Poisson’s kernels associated with diver-
gence type elliptic operators in bounded domains. The estimates we will need are standard
and well-known, but in view of the absence of an explicit reference we include the proofs
here.

Following subsection 5.1 for a matrix M € O(d) and domain D C R? by Dj; we denote
the rotated image of D by the matrix M. We saw already that Djs is a bounded domain
with C'*° boundary, moreover 0Dy = M(9D), where the orthogonal transformation M is
defined through Mz = Mz for 2 € R?. Next, we let the coefficient matrix A and domain
X be as in the formulation of Theorem 1.3. Finally, we fix a bounded domain D with C'*°
boundary, and such that for any M € O(d) the domain D) lies compactly inside X.

With these preliminary setup we now consider the operator £ := =V - A(z)V, z € X,
and let Gps(x,y) be the Green’s kernel for £ in domain Dy, i.e. for each fixed y € Dy,
G (-, y) solves

—Vo A(@)V:Gy(x,y) =0(x —y), v € Dy and Gu(z,y) =0, x € 9Dy,

in a sense of distributions, where § is the Dirac symbol. We have the following properties.

(a) Set G%,(z,y) := GT,(y, ), then G%, is the Green’s kernel for the formal adjoint
to £ in domain Dy, i.e. a divergence type operator with coefficient matrix equal
to AP,

(b) For any multi-index a € Z4 we have
(5.48) IVeGar(z, )| < Colz —y[>~4 1™ for d + |m| > 2,
where C,, is independent of M.

The existence and uniqueness of Green’s kernel, as well as property (a) and estimate of
(b) for each fixed M are proved in [9], which is one of the several papers discussing some
basic questions around the Green’s kernels for divergence type elliptic operators. The only
thing that needs some clarification is the choice of the constant in (b) independently of
M. To see it, we proceed as follows.

Assume G is the Green’s kernel for the pair (A4, D) and let M € O(d) be fixed. Make
a change a variables by setting Mx = & and My = y where z,y € D and Z,y € Dy,.
By orthogonality of M we have V, = M” V3 which combined with the uniqueness of the
Green’s kernel, easily implies that the function

Gz, 1) == GMTZ, MTy)

is the Green’s kernel for the pair (MA(MT-)MT D). This shows that if Gy is the
Green’s kernel for the pair (M7 A(M-)M, D), then

(5.49) Cu(Z,7) = Gy (M™%, M™y)

produces the Green’s kernel for the pair (A, Dys). In view of the orthogonality of M
the ellipticity constants as well as bounds on C* norms, for any k > 0, of the coefficient
matrix M7 A(M-)M can be chosen independently of M, hence (5.49) and the proof of [9]
illustrate uniformity of the constants in (b) with respect to M.

Now for x € Dy and y € 0Dy we let Py(x,y) be the Poisson kernel for the pair
(A, Dpr). One may easily conclude using the divergence theorem that

(5.50) Py (z,y) = —n () AT (y)VyGr(z,y), where x € Dy, y € Dy,

where n(y) is the unit outward normal to Dy, at the point y.
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Lemma 5.6. Let the domain D be as above and M € O(d) be any. Keeping the above
notation and assumptions in force we have

d
(5.51) | Pz, y)| < C\:L'Ewgi\d’ Va € Dy, Yy € 0Dy,
where d(x) is the distance of x from the boundary of D, and
(5.52) IV Pa(z,y)] < Clz —y| 7% Va € Dy, Yy € 0Dy

with constants independent of M.

Proof. Let us first observe that the estimates on derivatives of P follow trivially from
the representation (5.50), estimate (5.48), the symmetry property of Green’s matrix (a)
formulated above, combined with smoothness of the coefficients A and domain D).

We now proceed to the proof of the estimate with distance, for which we will rely on
uniformity of constants in (5.48) with respect to M. First consider the case of d > 3. We
now show that for z,y € D with x # y one has

d()
| =yl
By (5.48) we have |Gp(z,y)| < Clz —y[*74, hence (5.53) is trivial if d(z) > %|z — y/, thus
we will assume that d(z) < 1|z — y[. Now fix T € 9D such that d(z) = |z — Z|. Since

G)r vanishes on the boundary of Djs with respect to both variables, using Mean-Value
Theorem and estimate (5.48) for G, we get

(5.53) |Gy (z,y)| < C

~ _ d
6530 [Gule.n)| = Gue) - Guu(@)] < [VaGulEp)lle —7] < 0 =210

Here, for estimating the derivative of Gp; we have used symmetry relation (a) above. As
d(z) < %]:p —y|, and Z is on the segment [z, 7], the triangle inequality implies

~ _ )
!w—yl2\x—y\—\w—w!Z!w—y!—\w—w\zyﬂc—y\a

which combined with (5.54) gives (5.53).

Now fix g, o and let r := |zg — yo| > 0. Consider Gp(z) := Gar(zo,rz + x0) in a
scaled and shifted domain D, js := r~1(Dyr — 29). We have that Gy is a solution to the
adjoint operator in D,y N (B(0,3) \ B(0,1/3)), hence in view of the smoothness of the
coefficients, from standard elliptic regularity estimates we obtain

IV-Gr(2)] = [rVyGar(zo, 72 + 20)| < ClIGatl| 1Dy 0 n(BO3NBO,1/3)

for all z € D, py N (B(0,2) \ B(0,1/2)). Note that the regularity estimates we have used
are uniform in M due to (5.49) and orthogonality of M. The last inequality combined
with (5.53) implies
d(z0)

|20 — yold
Now the estimate (5.51) follows from the last inequality and representation (5.50).

It is left to consider the 2-dimensional case, which can be handled precisely as in [7,
Lemma 21] thus we will omit the details.

The lemma is proved. g

(5.55) |VyGr(zo,y0)| < C
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