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ABSTRACT. In this note we study singular oscillatory integrals with linear phase function
over hypersurfaces which may oscillate, and prove estimates of L? — L? type for the
operator, as well as for the corresponding maximal function. If the hypersurface is flat,
we consider a particular class of a nonlinear phase functions, and apply our analysis to
the eigenvalue problem associated with the Helmholtz equation in R®.
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1. INTRODUCTION

In their seminal work, D.H. Phong and E.M. Stein [5] study new classes of oscillatory
integral operators with singular weights, that in turn apply to the study of certain PDE
problems. Since this work appeared, there have been numerous results and developments
of the theory, with large variety of these type of operators. In this note we will be inter-
ested in two particular aspects of the result of Phong-Stein. Apart from [5], our interest
is partially motivated by applications of oscillatory integral operators in the analysis of
boundary value problems (see for example [1]-[3]), and recent developments in PDE prob-
lems involving oscillating boundaries (see for example [4]). In the first part of the note
we will introduce and study oscillatory integral operators with singular kernel and linear
phase, where integration is carried out on smooth hypersurfaces. Here we will aim at ob-
taining precise estimates with respect to the smoothness norm of the hypersurface. This is
done in order to obtain non trivial bounds when one allows the hypersurface to oscillate.
A type of an oscillating hypersurface considered here is technically smooth, however due
to its oscillatory nature one can not rely in a straightforward manner on partial integra-
tion techniques to bound the corresponding integral operator, since the derivatives of the
graph representing the surface blow-up. In the second part of the paper, we will study
a similar problem but with nonlinear phase function. The type of phase function stud-
ied in this case is in part motivated by the Helmholtz equation, and we will discuss one
particular application of our results regarding decay estimates for the eigenvalue problem
corresponding to the Helmholtz equation in R3.

woo”

Let us start by fixing the setup and notation. Throughout the text, by we denote
the standard scalar product in R™. For two quantities x and y we write x < y if there is an
absolute constant C' for which x < C'y. Likewise, if x and y depend on some parameter,
say 0, we may write z <s y to indicate that the constant in the inequality depends on §,
and is otherwise absolute.

For a real-valued function ¢ € C°°(R") satisfying || D*9||pec(rn) Sa 1 for any o € Z1,
let I' be the following hypersurface

(1.1) I'={(y,%(y) e R"': yeR"}.
1
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For f € L?*(R™), A > 0, and (z,7,4+1) € R® x R define

(12) T)\f('rv xn—l—l) - /eMw.y(PO(('ra xn—i-l)? y)K(iL‘ — Y Tn+1l — yn—i-l)f(y)da(ya yn—i—l)a
r

where do is the induced surface measure on I', and

(A1) ¢y is real-valued and from the class C§°(R™"*1 x R™),

(A2) K € C=(R"*!\ {0}) and for any z € R""1\ {0} and any a € Z" we have

2™
« < L
|‘D K(Z)‘ ~x ‘Z|"+|O‘|7

where 0 < m < n. Here n > 1, and we do not assume that m is necessarily an

integer.

Organization. In Section 2 we study T) as an operator from L?(R") to L?(R") and
prove decay estimates for its operator norm as A — oo. A special attention is paid to
obtaining precise bounds with respect to the smoothness norms of the surface I'. We then
conclude the section by discussing the behavior of the operator Ty under perturbations of
the fixed surface I'. Next, in Section 3 we consider a maximal operator associated with
operators of the form (1.2) when the surface is allowed to oscillate. More precisely, for a
family of surfaces {I'c}o<c<1, we let T be the operator defined by (1.2) for the surface
I'c, where the parameter 0 < € < 1 is meant to model an oscillatory behavior of the given
family of hypersurfaces. Then we analyse boundedness of the following maximal operator
T3 f(x,xpnq1) = sup [T5 f(x,2ny1)], where (z,2,41) € R™ X R. Finally, Section 4 studies
0<e<1

operators of type T, however instead of a linear phase, there we have a “fractional”-type
nonlinearity, namely z-y in the exponential is replaced by |z —y|” with v > 1. This change
requires a radically different approach. We discuss in subsection 4.2.1 how the case v =1
applies to Helmholtz equation. At the end of Section 4 we show that the obtained upper
bounds of some of the operators considered in the article are sharp.

2. THE MAIN ESTIMATE FOR T)

Throughout this section we will be working with operators defined on L?(R") and with
values in L?(R™). Thus if T is an operator of this type, by ||T|| we denote its operator
norm. Also, when estimating a certain quantity, we will be only concerned with constants
that depend on the surface, i.e. the function ¢ of (1.1). The following is our main estimate
for the operator T)\ defined by (1.2).

Theorem 2.1. For any 1 < m < n, and any xp4+1 € R we have
(2.1) TN S A2 T [+ [Vl oo mmy] X [1 4+ [[0]] oo (],
where the constant depends on the cut-off function pg, and is independent of xn41 and .
We start by decomposing T as follows. Fix a parameter 0 < § < 1 that will be
0

specified below, and a smooth function ¢ : R™ — [0, 1] such that ¢(y) = 0 for |y| <1 and
©(y) =1 for |y| > 2. We then have the following decomposition

T\f = Axf+ B\f,
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where B) in terms of volume integral is

Brf(x, 2n41) = / eV oo (2, Tng1), ) K (@ — Y, &1 — (1)) %

oz — PN (1 +[V(»))Y2 f(y)dy.

Lemma 2.2. For any A > 1, any m >0, and any 0 < 8 <1 one has
AN S [L 4 (V9] oo an) ] A

Proof. Rewriting Ay in terms of volume integral we get

Anf(@, xng1) = / e Yoo (2, ns1), ) K (2 — 4, Tnar — () X

[1 = o((z =M1+ [Vey)*) /2 f(y)dy.
Now, using assumption (A2) for kernel K, along with the definition of ¢ we obtain
(2.2) |ANf (7, 2n 1) S 1+ VY]] oo (rry[IN (),

where the constant depends on the supremum norm of yg, and the appropriate constant
involved in (A2), and we have

nw= [ U<

|z =y
|z—y|<2A—8
> ] phpmes
27R<AN TPy oy <k
1
—mk

> ormon [ Uwis

2-k<ax—8

27k71§|$—y‘§27k

Mf(x) Y 27 < Mf(@)Am,
2-k<4\—P

where M is the Hardy-Littlewood maximal function. Since M has strong (2, 2) type, the
last inequality combined with (2.2) completes the proof of the Lemma. O

To study B, f we rewrite it in the form

n

(2'3) B)\f($, ZCnJrl) = / k‘/\((l', ZCnJrl)? y)K(x — Y, Tnt1 — ¢(y))g(y)dy7
where we have set

ka(z, 2n41),y) = €Yo (2, 2ns1), 1) 0((z — y)X?),

and

(2.4) 9y) = F) A+ [Vy)HY2,  yeR™

For the estimate of By we start with a lemma, where the constants are allowed to depend
on the norm of derivatives of the function 1 representing the surface. This dependence
will be revised later on.
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Lemma 2.3. For (z,zp41) € R" X R set

Bl i) = /Rn k(@ 2041), 9) K (2 =y 21 — (y)) £ (y)dy.
Then
1Bal] < CypAn(B=1/2)-m5.

where 0 < m < n, Cy is independent of X\, and x,, and depends on finite number of
derivatives of 1.

lzroof. The proof follows closely the lines of Proposition 1 on p. 134 of [5]. Observe that
B) has kernel

La(z,y) = e Yoo (2, 2n41), 9)e((x — YNV K (x — y, 2np1 — ©(y)),

and the conjugate operator E’;\ has kernel Ly(y,z). It follows that B A]EN?;*\ has kernel

My (z,y) = /n Ly(z,2)Ly(y,2)dz =

/n M2 00 (2, 2ng1), 2) @0 (Y Tngr), 2) (@ — 2)N)o((y — 2)A7) x

K(r—z,xp41 —Y(2)K(y — 2,241 — ¥(2))dz.

Since we will obtain uniform estimates in z,41 the dependence of the kernels on x,; is
dropped from the notation. Using the estimate (A2) for K, for any a € Z} we have

1
(DYE) (2 — 2, 2041 — 9(2))] Su o — 2l

In view of the last inequality, integrating by parts N > 0 times in the kernel M we get

(2:5) My ) S Ve =)™ S T w),
0<k+HI<N
where
jk,l(x7 y) = / |£C — Z|_n+m_k|y _ Z|—n+m—ldz‘

AP<|o—z|<C
AF<ly—2|<C

Assuming n —2m+ N > 0 and using k41 < N, it is easy to see that each Jj; is uniformly
bounded above by

—2n+2m—N / ! B(n—2m+N)
-8B

A-B<|z|<C A
From here, getting back to (2.5) we obtain

\B(n—2m)

(2.6) |M(z,y)| 51& W,

where N > 0 is an integer satisfying n — 2m + N > 0. By a convexity argument as in
Proposition 1 of [5] p.134, we can eliminate the condition on N being an integer, thus
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getting (2.6) with non integer values of N. We then choose N; < n and Ny > n in (2.6),
which is allowable since m < n. It follows that

[eviws, [ S [ A s
n ’ ~Y (B ]z[) M B P =
ALP1z[<1 AL=Bz[>1
[substituting u = A'~7z] <, AnF-D 720,

uniformly in z. By symmetry, the same estimate holds for integration with respect to x
and fixed y. Using the obtained mixed L'-norm estimate of the kernel M we can easily
bound the L? — L? norm of the corresponding operator, thus obtaining

[|Bxl| Sy AP 7mE,

where we choose 0 < 3 < 1 satisfying 8 < % to get a bound for the norm of B,. The

2(n—m
proof is complete. 0

We are now ready to prove the main estimate on B) defined by (2.3).

Proposition 2.4. Assume 1 < m < n, and for fived (x,zp+1) € R" xR let Bgo) be defined
as follows

B g(a, 2p41) = / NV 0((2, 2041), 1) (2 — YNV K (2 — 3, Bngr — D (y))g(y)dy.

n

Then
B ]S A7 g A OO,

Remark 2.5. Observe that if By is the operator defined by (2.3), then by (2.3) and (2.4)

we have Byf = Bg\o)g with g(y) = f(y)(1 + |Vep(y)|[?)/2. Hence Proposition 2.4 implies
the following bound

@T) B S U+ (98] X (NOYD [y oy APE 127848

Proof of Proposition 2.4. We have
Tnp1—P(y)
K(o = yanis = 00) - K@= pns) = [ OwnK(o = y.0)ih
Tt
Recall that ky((x, 2n11),y) = €Yo (2, 2ni1),y)0((x — y)A?), we thus get
B g(w, s1) = / kx (2, 2n41), 9) K (2 — y, o1 — U(y)) 9(y)dy =

n

/ ka (2, 2n41),y) K (x — y, Tng1) g(y) dy+
Tn+1—P(y)
[ m(@onnn) | [ okl - p.0d | gty)dy =

Tn+1

B,(\l)g(% Tpt1) + B@g(x, Tpt1)-

It follows by Lemma 2.3 that
(2.8) ||B,(\1)H < \UB=1/2)=mp
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For B§2) we have the following decomposition

(2.9) Bg )g (, Tpt1) // ka((z, 2nt1), ¥)Ont1 K (z — y, t)g(y)dydt+

/ / Ea(( Zne1) 1) Ot K (2 — . g () dydt,
Es

where for M = ||| oo (rn) We let

Ey:={(y,t): ¥(y) >0, zpp1 —Y(y) <t <app1} =
{(yvt) L Tp4l — M<t< Tn+1, ¢(y) > Tpal _t}

and

E2 = {(y7t) : w(y) < 07 Tpt1 < t < Tn4+1 + w(y)} =
{(y,t) : Tpp1 <t <zpi1+ M, Y(y) < xps1 —t}.

From here we obtain

(2.10) B§\2)g(:n,xn+1) =

Tn+1
- / / kk(($a $n+1), y)8n+1K(x - Y t)]l{y: dz(y)>rn+1—t}g(y)dydt7L
Tp41—M R?
Tpy1+M
k}\((xu fEn-i—l)’ y)an-&-lK(x - Y 75)]1{3;: w(y)<zn+1—t}g(y)dydtv
Tn+1 R7?

where I stands for the characteristic function. Denote g1 (y) := ]I{y: ¢(y)>$n+1_t}g(y),
92,4 (y) =Ly p(y)<ansr—119(y), and for h € L*(R™) set

Fth(ﬂf,xn+1) = / k)\((m7wn+1)7y>an+1[((x - y7t>h(y)dy7 (xymn-f—l) € Rn+1-

With this notation we have

Tn+1 In+1+M
2
B§ )g(ifa Tpy1) = — / Fig1 (2, xpqr)dt + / Figoi(x, xpyr)dt.
Tpt1—M Tn+1

Observe that Lemma 2.3 implies ||Fy|| < A*F~1/2)=mB+8 with constants independent of
1, hence using Minkowski’s inequality for integrals we obtain

(2.11) HB§2)H < MAME=/D=mB+B
Finally, combining (2.8) and (2.11) we get
1B S APED=MB |3 o oy X B/ 2)mE+E,
completing the proof the Proposition. O

Proof of Theorem 2.1. Getting back to the original operator T\ defined by (1.2), in
view of Lemma 2.2 and Proposition 2.4 we have

TN < AN+ 11BAll <
[1+ VY] oo @mny] X A8 \(B=1/2)-mB |WJ\|Loo(Rn))\”(B’1/2)’m5+5]7
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which, if optimized in 8 implies
(2.12) T S AT 271 4 [V | oo )] X [1+ 19| oo m)-

The last estimate completes the proof of Theorem. O

2.1. Perturbing the surface. Here we discuss the case when the operator T is defined
on a perturbation of some fixed surface I'y. Assume we have

Lo = {(y,%0(y)) : y € R"},

where ¢y € C*(R") is real-valued and has all its derivatives bounded on R™. Now,
for € > 0 consider a family of smooth and real-valued functions v¥.(y), along with the
hypersurfaces

L. ={(y,%0(y) + ¥:(y)) : y€R"},

that is we perturb the fixed surface I'g by .. Here as well, the assumption is that each
1. has bounded derivatives of all orders on R™, however we do not impose any uniform
bound with respect to €, neither we assume any structural restriction on ..
For € > 0 let the operator 7% be defined as in (1.2) where integration is over I'c. Then
by Theorem 2.1 we get
2

TN Spo A2 1 [1 4 ([ Ve[ oo )] X [1+ [[¢he] | Loo mm) ],

uniformly in € > 0 and A > 0. The point of the last estimate is that even with a rough
surface, in a sense that there is no uniform control over the derivatives of the graph
representing the surface, we may still control the norms of the corresponding operators.

3. MAXIMAL OPERATOR FOR OSCILLATING SURFACES

The aim of this section is to illustrate that for small oscillations of the surface, we may
as well control the maximal operator associated with the oscillations. For £ > 0 set

(3.1) e ={(y,e"Y(y/e)) : y e R"},

where 1p € C*°(R"™) is bounded and has bounded derivatives of all orders, and v > 0 is
a fixed parameter which will be specified below in Theorem 3.1. As in (1.2), for A > 0,
e>0and (z,zp+1) € R” x R define

(3'2) Tﬁf(‘% xn+1) = /ei)\m.y@O((xa anrl)a y)K(.T — Y Tp+1 — yn+l)f(y)d0'5(yv yn+1)7
Ie

where f € L?(R") and g and K are defined as in Section 1. Consider the following
maximal operator
(3.3) Tx f(z,xpy1) := sup |15 f(z, xny1)l, (x,2n+1) € R" x R.

0<e<1
Similar types of maximal operators related to integral operators for a parameterized family
of smooth surfaces had been considered in [6]. More precisely [6] deals with maximal op-
erators corresponding to LP-averaging operators defined on a family of surfaces converging
to a smooth immersed surface with Gaussian curvature nowhere vanishing of infinite order.
While the idea of taking the pointwise upper bound with respect to the family of hyper-
surfaces is the same as in [6], the problem and the analysis discussed here are completely
different from [6]. Our main result concerning (3.3) is the following L?(R") +— L?(R"™)
bound.

Theorem 3.1. For vy > 3/2 and 1 < m < n, we have ||T}|| < A" E e,
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As for T defined by (1.2), start by fixing a smooth function ¢ : R” — [0, 1] such that
o(y) =0 for |y| <1 and ¢(y) =1 for |y| > 2. Fix also a parameter 0 < 5 < 1 that will be
specified in the proof of Theorem 3.1 below. We have the following decomposition

T3 f = AN + By,

where

ASf(@,Tpt) = / e Yoo ((2, 2nt1), Y) K (2 =Y, Tng1 — Yns1)[L— (2 —y)N)] f (y)do- ().
I

Clearly we get
T)Tf(xvxn-i-l) < Ajf($’xn+1) + B;f(li’xn-ﬁ—l)v
where the maximal operators on the right-hand side are defined in analogy with (3.3).

Lemma 3.2. For any A > 1, any v > 1, and any 5 > 0 one has
IASN S [+ V| oo mmy] A7
Proof. We use the fact that v > 1 and repeat the proof of Lemma 2.2. O

Proof of Theorem 3.1. For fixed € > 0 and (z,2,41) € R” x R we have

£

d T
(3.4 BS S @ns1) = B @) + [ B (o ni)dr,

0
where BYf(z,zyp41) = liIT(l) BS f(x,2p41). Since v > 1 this limit exists, as well as the
E—
differential with respect to 7 in (3.4). By (3.4) we have

1
d
B <1801+ [ | L] e
0

from which, using Minkowski’s inequality for integrals we get

de.

1
. d
(5.5) 511 181+ [ | 55
€
0
Rewriting Bf as volume integral gives

By f(x, ng1) = / e oo((2, 1), ) K (2 =y, i1 — 7 (y/))

(= y)N)(1+ 171 (V) (y/e)) 2 f(y)dy.

from where we obtain

(3.6)  BXf(w,xns1) = / Ao (2, 241, Y) K (2 =y, @) (= y)N) f(y)dy.

n

By (3.6) and Lemma 2.3 we have
(37) [[BRI| S Amomt/2mms,

For the derivative of B§ with respect to ¢ one has

B3, a001)) = A5 (@, ni1) + B3, 2n0),
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where A5 contains the derivatives of (1 4 [€771(V)(y/e)[?)/2, and in B5 we collect the
differential of the kernel. We have

L+ /P = (1 T/

[(27 = 2) (V) (y/e)* — 267 (VY) " (y/e) (Hess) (y/2)y].
Now if v > 3/2 by (2.7) from the last expression we obtain
(3.8) A5 <o a(e)AMB=1/2)=mB+h,

where a(e) is a positive and integrable function on the interval (0,1), and the constant
depends on the bound of derivatives of ¥ up to second order. We will assume that
B <3 o= m+1) to get a decay in the norm of Af.

Next we proceed to the estimate of B§ which contains the derivative of the kernel K.
Differentiating the kernel we get

d
d—gK(m — Y, Tng1 — € YP(y/e)) = On1 K(x — y, g1 — €71p(y/e)) x

[ (y/e) + 72V (y/e) - yl.

Thus we get an operator as in (2.7) however the kernel here has higher singularity. Ap-
plying the estimate (2.7) with m replaced by m — 1 implies

(39) IBS1| Sy ble)AnO-Y/D-ma+2s,
which gives a decay if

n
3.10 0 P P ———
(3.10) <P S Tmy)

Here as well, b(¢) is a positive and integrable function on (0, 1).
Now combining estimates (3.8) and (3.9), along with the estimate of BY given by (3.7),
from (3.5) we obtain

(3.11) B3| Sy A"P-1RmmE2s,
which gives a decay if 0 < 8 < 1 satisfies
(3.12) 0<p<

n
2(n—m+2)
Putting together Lemma 3.2 and estimate (3.11) we get
(3.13) T3] Sy A8 4 AMB-1/2)—mB+28,

which holds under the condition (3.12). Optimizing in 5 gives 8 = m which satisfies
(3.12). For this choice of 8 the proof of the Theorem is complete. O

4. NONLINEAR PHASE

In this section we will consider one particular case of a nonlinear phase function with
an application to the Helmholtz equation. Let 19 € CS°(R™ x R*!) and set K(z) =
|z|=(=m=1) 2 € R\ {0}, where 0 < m < n—1, and n > 2. For f € L*(R*!) consider
the operator

(4.1) Thf(x) = / M= WO o (2, VK (2 — (v,0)) £ () dy,

Rn—1
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forx € R", v > 1, and A > 2. We shall study decay of the norm of T as an operator from
L?(R"1) to L?(R™). In this section we denote this norm by ||T)||, and have the following
result.

Theorem 4.1. Set a = (n—1)/2, and assume v > 1. Then one has

)\—%(m+1/2), m < ya—1/2,
TAl] S § A~ log A, m=ya—1/2,
AT m > yo —1/2.

4.1. Preliminaries. Before proving Theorem 4.1 we shall make some preliminary obser-
vations. We assume v > 1 and let

B(e',€) = I¢ — (&, 00 = (1€ — o/ + €2/ = ),
where d = (|¢' —a'P+&))1/%,1/2<d < 2,6 = (¢,&) € R" ' xR, and o’ = (21, .., 7n—1).
We have 20 g {
N Y L ek 1. 5
0z, 0¢; vd (521 +(r—2) d ] > ;

for 1 < i,j < n — 1, where ¢;; is the Kronecker symbol. Setting a; = (z; — &)/d for
t=1,2,....,n—1 we have

O’
:—d’y_Z 51 — 2)a;a;) .
axlagj v ( J + (’Y )a’ a’])
We set D := det(d;; + (v — 2)aiaj)zj;11. The determinant here can be computed, for

example, by Sylvester’s determinant theorem (cf. “matrix determinant lemma”), which
states that det([y+AB) = det(I,+BA), where matrices A, B have dimensions respectively
k x p and p x k, and I}, and I, are correspondingly k x k, and p x p identity matrices.
Applying this identity to D we obtain D =1+ (y — 2) Z?;ll a?. Thus

D:1+(7_2)‘§/_x/|2 _ |§/—$/|2+§721+(’7—2)’§/—$/|2 _

d? d?
(y-Dg -2+ &
d? ’
from which we conclude that
(4.2) for'y>10nehasch>0for%§d§2,
and
(4.3) for’yzlonehasDZc>0for%SdSQand |€n] > 1 > 0.

For the proof of Theorem 4.1 we will use the following result.

Theorem 4.2. (see Stein [7], p. 377) Let i1 € Cg°(R™ x R™) and X > 0 and let ® be
real-valued and smooth. Set

U (€) = / Ay, (2 6) f(x)dr, € € R,

Rn

and assume that det (8;51_7%2’5)) % 0 on the support of ¥1. Then one has

Ul L2 mny < C)\fn/zﬂfHL?(Rn)-

We next give the proof of the main result of this section.
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4.2. Proof of Theorem 4.1. We start with a decomposition of the kernel K. Following
Stein [7] page 393, there exists a function ¢ € C§°(R") such that suppy) C {z € R": 1 <
2] < 2}, and

K(z) = f: ok(n=1=m)y(2F2).
k=—oc0

As such function one may take 1(z) = |z|~®=1="™)[n(z) — 1(2z)] where 7 is a smooth
function satisfying n(y) = 1 for |y| < 1 and n(y) = 0 for |y| > 2. It is clear that there is
ko € Z such that

K(z)= Z ok(=1=m)y,(9k2) for z = x — (y',0) where (z,) € suppto.
k=ko

We will assume that kg = 0, the proof in the general case is the same. We get
Tof =Y Tl
k=0
where
Ty f(x) = / A=W o (@, ) 2K (25 (2 — (o, 0))) £ () -

Rn—1

From an application of Hardy-Littlewood’s maximal operator (see the proof of Lemma 2.2)
we have [|T) k|| = || T\ kllL2@r—1)m L2@®r) < C27™F_ Here we shall improve this estimate.
o0
Take ¢ € C§°(R) such that suppy C [—3 — 15,5 + 15] and > et —j) =1. Set

j=—00

@;(t) = p(t —7), and for t = (t1,...,t,—1) define x(t) := p(t1)@(t2) - ... - @(tn—1). Then, for
J=(j1, - Jn-1) € Z" ! set

Xj(t) = x(t — 1) = @5, (t1) @5 (t2) - oo - @1 (En—1).

Clearly >  x;(t) =1, and
jeanl

1= Y @)=Y x@t-i= > x(@(-27").

jEZ"fl jEZ"fl jezn—l
Setting f;(t) :== f(t)x(2"(t — 27%4)), implies
F=> 5
jezn—l
We get the following decomposition
Toif(x) = > Tarfi(x),
jezn—l

and for every x the sum has only a bounded number of non-vanishing terms. Therefore
by Cauchy-Schwarz we obtain

(4.4) Taef@)P <C > [ Tawti(@),

jEZ"fl
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where the constant C' is independent of x, A\, and k. We have

Taifi(x) = / €i)‘|$_(y/’0)|7¢o(fﬁvy')Qk(”_l_m)¢(2k($ —,00)fi(y)dy =
Rnfl
[Wlth y/ — 2—]62/} 2—mk’ / ei>\|w—2*k(z/70)‘7¢0(w, 2—kz/)¢(2k‘x _ (z/’ O))f](2_kzl)dzl7
Rnfl
and
Fi(27F) = F7F)x (2827 = 27R)) = F 7R )x (2 — ).
Hence
T fi(z) =27mF / A2 =GOy (2, 27K 2 g (2R — (2, 0)) £ (2R ) x (2 —j)dz =
]Rnfl
[with y/ = 2/ — 5] 27™* / MR WO gy (2, 27K (' + )8 (28 — (4 + 5,0))
Rn—l
FEHY + D)X )dy =27 / N2 P =@ O g (2, 2705 4 2Ry ) x
Rnfl
(28 (x — (2775,0)) — (v, 0)) f(27 %5 + 2%y )x(v/)dy'.
We also have
/ Tif; (@) 2 = [with @ = u + (27, 0)]
Rn
2
[msito+ 40| = [win ¢ = 24
R’n
2
2’“”/ ‘Tmfj (27%¢ + (275, 0))‘ de.
Rn

Now let ¥ € C§°(R™ 1) be so that ¥ = 1 on suppx and suppX C [—1,1]""1. We then have

Ty (276 + (2755,0)) = 277 / P2 e Oy (9-ke 1 (2705, 0),27%5 127Ky )

Rn—1
(€ - (,0)f2 %5+ 27 (W)X )dy = 27F / MWy (o )g(y )y =
Rn—l
27" U gk g(),
where
(4.5) By, €) =€ — (v, 0) = (I¢&' — /> + €)%,
b1y, €) = (& — (v, 0)) o (277 + (2754,0), 2755 + 277 )X(y),
and

9(y') = F 7+ 27y )x(y).
It is clear that for R > 0 large enough, independently of j and k, one has
Suplﬂ/}l C B(Oa R) X B(O) R)a
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and that the derivatives of ¢); can be bounded uniformly in k and j. We have

1/2 1/2
( / \Tk,kfm)\?dm) = g~kn/2g=mk ( / \%-w(é)?df)
Rn R

and we shall now use Theorem 4.2. It follows from (4.2) that the determinant condition
in Theorem 4.2 is satisfied and hence we obtain

1/2 1/2
< / |uA2-mg<s’,sn>|2ds'> < o(r2-kn)o ( / \9(95/)|2d33/> |
Rn—1 Rn—1

where o« = (n — 1)/2. Integration in &, demonstrates
| Ung-rr gllz2@ny < CAT*2¥1%||g[| p2gn-1).

We also have

lolego = [ £+ 2Ry )Py = i 2 =27y
ly'|<vn
gk(n=1) / F(27Fj + 2/)Pd2.
|2k
Here g = g, and it is easy to see that
3 [ P < OOl
jeEZ"—

Invoking (4.4) we obtain

Rn RN

jezn—l

CZ—kn2—2mk(>\—a2k'ya)2 Z/R 1 ’gj,k|2dy, <
i TR

Cz—kn2—2mk()\—a2k'ya)22k(n—1) |f|2dy/
Rn—1

and hence
(4.6) T k|| < C27F/297mk \—aghae
In this estimate A™*2%7% can be replaced by 1, since we can make a trivial estimate instead
of using Theorem 4.2. Thus we also have
(4.7) ITall < 274227,
It follows that

[ee]

ITI < D Il S AT Do 20erm Dk 37 g (mHl/2k,

k=0 2k <AL/ 2k>\1/v

For m < va — 1/2 we have ya — m — 1/2 > 0 and
|T5|] < AmoAbamm=1/2)/y 4 \=(mH1/2)/7 < o =(m+1/2)/7,
If m = ya —1/2 one has ya —m —1/2 =0 and
[|1Ta]] S A %log A+ A7 < CA"“log A.
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Finally, for m > ya — 1/2 we have yo« — m — 1/2 < 0 and
HT)\H 5 A +)\—(m+1/2)/’y < C/\_a,
and the proof of the Theorem is complete. O

4.2.1. The case of v = 1, and the Helmholtz equation. Here we set K(z) =
|z|~("=1=m)0(2), where w € C®°(R™ \ {0}), is homogeneous of degree 0, and w(z) = 0
for all |z| = 1 satisfying |z,| < e, for some given € > 0. The method of the proof of
Theorem 4.1 combined with (4.3) gives

A a1,
(4.8) ITs| S Alog), m=n/2—1,
AT, m>n/2—1,

with a = (n —1)/2.

We now discuss how the analysis can be applied to Helmholtz equation. In R3 consider
a smooth hypersurface I' given by (1.1), and fix some g € C§°(R3). Let or be the surface
measure of I'; and for a measure ur = ¢o(y)dor(y) let u) be a solution to the following
inhomogeneous Helmholtz equation

(4.9) Au+ Ny = —pp in R3,
We denote by G,(+,-) the fundamental solution (Green’s function) of (4.9). It is well

known that Gy(z,y) = eMN*=¥/(4n|z — y|) where 2,y € R®,  # y. Now let uy be the
solution to (4.9) given in terms of the Green’s function, namely

(4.10) uy(x) = /R3 Ga(z,y)dur(y).

This is precisely the solution to (4.9) satisfying Sommerfeld radiation condition, which in

dimension three reads
0
rli_glor <67" - i)\) ux(rv) =0,

uniformly for all directions v € S?, where i is the imaginary unit. From (4.10) we have

ei)‘|x7y‘
4.11 =/ — R®.
(111) 0@ = [ ). o

Let us show here how to obtain decay estimates on u), as A — oo, in the case when I is
a plane. Assume v € R? is the unit normal to I', thus I' = {y € R? : y - v = 0}. Fix any
3 x 3 orthogonal matrix M such that Mes = v, where e3 = (0,0, 1). Next, make a change
of variables in (4.11) by the formula y = Mz, and * = Mw, where w, z € R3. We get

ei/\\waMz\

(4.12) up(x) = uy(Muw) = /

L o(M2)do(z) =

eiAw—(2",0)] M OV R
—_— s , W € .
L oy ME 0,

Thus the case of an arbitrary plane, by a rotation, is easily reduced to the case of
y3 = 0 in R3. Now, if we have a bounded domain D C R3 which stays within a positive
distance from I', then the determinant condition (4.3) will be satisfied for all z € D. Next,
using the argument of Theorem 4.1 as we do for (4.8), with n = 3 and m = 1 one may
show from (4.12) that

(4.13) luallz2(py Sp AHDIY2,
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where the constant in the inequality depends on the distance of D and the plane I'. Thus,
in this particular case we get a quantitative decay estimate of the L?-norm of solutions wuy
as the eigenvalue tends to infinity.

When we allow D to cross the plane I', the determinant condition in (4.3) becomes
invalid. However, this scenario can be handled by splitting the integral in (4.12) by means
of a smooth cut-off into two regions, where one of them stays away from I', and the other
one is in a small neighbourhood of I'. The former will be estimated as above, relying on
(4.3), while the latter will be handled using the smallness of the support of the cut-off and
uniform boundedness of uy. Thus, one may obtain decay estimates on wu) in this setting
as well relying on the methods discussed in the paper, however, the rate of decay will be
worse than A~!. In a similar vein we may handle the case when I is a union of some finite
number of planes in R3, by applying the analysis on each flat piece of I' separately. The
details are left as an exercise for an interested reader.

It should be noted that at this stage our analysis does not extend to the case of a
general hypersurface and more interestingly to the case of oscillating (rough) boundaries
considered in subsection 2.1 and Section 3. Understanding the properties of the operator
(4.1) in this generality seems to be a very interesting problem. Another interesting problem
here is to understand if the operators T with non integer v can be applied to the study
of fractional order Helmholtz operators. It was to our surprise that there were virtually
no results in the literature concerning fundamental solutions of fractional order Helmholtz
equations.

4.2.2. The case of 7y =2. We have ya —1/2=n—-1-1/2=n—-3/2. For m <n —3/2
we have proved that

(4.14) 0| L2 (1) 2 ey < CAM/2HL/A),

Now set,
S\ = [ e e K e~ 0,00y
We have
20"y =22 (y,0) = 2> + |y/|* — |2 — (/. 0)?

and

; 1o ; 2 12 5 (o 2
612)\:1: y :ez)\|a:\ e'L/\|y| ez)\|a: (y',0)] )

Combination of this inequality and (4.14) gives

(4.15) |1Sxl| 2 (@n—1ys p2(ny < CAT/2HLD),
On the other hand taking 5 = 1/2 in Lemmas 2.2 and 2.3 we obtain
(4.16) 1Sl 2 @n—1ys p2(n-1) < CAT™/2,

It is interesting to observe that we have a better decay in (4.15) than in (4.16).

4.3. Lower bounds. Here we construct examples for which the upper bounds (4.15),
(4.16), and the first estimate of Theorem 4.1 are attained, showing that these estimates
are best possible.

We start with an example showing that m/2 in (4.16) can not be replaced by a larger
number. Take ) € R ! and set F = {2/ € R*" ' : |2/ — x| < coA~/?} where ¢ is a
small constant, which will be specified in due course. Then choose 3, € R"~! such that
|z — ypl = 100coA™1/2 and set E = {y/ ¢ R" 1 |y — 9| < coA™"/2}. We have

'y =@ =) (Y =)+ (@ — )y +ag - Y

and
ei)\x’-y/ _ ei)\(:p’—mg)-(y/—yé)ei)\(aﬁ’—mé)-yé eikxé-y/‘
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. —q / . / .
Setting f(y') = e~V Ig(y') we obtain

S)\f(x) = elA(mlixé))y(l) / el)‘(xlizé))(ylfyé))wo(x? y/)eleE)y/K(x — (y/7 O))f(y/)dy/ =
Rn—1

A& =) yg ¢0(x,y’)ei/\(x’—%)(y’—yé)[((x — (&, ONIg(y)dy =
Rn—l

A [ o Ko 0,0+
E
A& =) yg z,y) (e =20 W' =v0) _ 1)K (z — (¢/,0))dy ==
Yo(,y") (z —(y',0))dy
E
P(z) + R(z),
where we have

R(x)| < C /E Na' — 2h|ly — vl K (x — (4, 0))dy/ <

C/ AcoA 2N TV2K (2 — (v, 0))dy = ch/ K(z— (y,0))dy,
E E

for 2/ € F. We now take z = (2/,0) and assume that y((z,0),7) = 1 for 2/ € F and
y' € E. We then have

P(z)| = /E K — . 0)dy,

and
z)| < Cc z —vy,0)dy, orx € F.
R o3 | K —y,0)dy for 2’ € F.
E
Choosing ¢ small, for 2’ € F we obtain
1 1 1
/ = / —-1/2\n—1 — .\ —m/2
SUE01> 5 [ o = O s = e

It follows that o
</Rn ) |S>\f(:v’,0)2dx’> / > N2 RV,
But || f[]2 = [E|"/? = |F|*/? and hence
1Ml z2Rn-1) s 2R-1) > AT,

Thus we have proved that (4.16) is sharp.

We shall then prove that (4.15) is sharp as well, for which we will use the construction
described above. Define Fy := F x [0,coA~'/?] and assume that g (z,y') = 1 for z € F}
and 3y’ € E. Now for z € F} we obtain as above that S\ f(xz) = P(z) + R(x) where

P(z)| = /E K@ — o aa)dy.

It follows that for x € I we have

1 1 —m
|S)\f(z)] > Q/E)\—(n—l—m)/Qdyl > cA /2’

hence

1/2
([ 1sipa) = exmioas
R’ﬂ
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since |Fj| = cA™"/2. But
[ f]l2 = |E|1/2 = e~ (n=1)/4 C)\—n/4+1/47
and consequently
1Sxll2 > el fllaA ™27,
which shows that

HSAHL2(RTL71))_)L2(R7L) 2 C)\_(m/2+1/4)

Thus we have proved that (4.15) is sharp.

Finally we turn to the first estimate of Theorem 4.1. For v > 1 we have
Tufa) = [ MO () Ko (/.0 1)
Rn—1

and we shall estimate the norm of T from below. Set F' := B(xg,co)\_ﬂ), F = F x
[0,c0A 7], and E := B(y}, coA™?), where |z}, — yj| = 100coA~". Here B(z, R) denotes a
ball with a center x and radius R. We assume that vg(z,y’) = 1 for x € F} and y € E.
Letting = € F1 and f = [ we have

11@) = [ Ko=)y + [ (00 —1)K@ ~ (.0)dy’ = Pla) + Ria).
Choosing = 1/v for x € Fy and ¢y’ € E implies
M= 1) < Nz — (i, 0)]7 < CepAA™P7 < Coep.
It follows that
IR(@)| < Ceo [ Kl = (/0.
E

Now taking ¢y small we obtain

/

Tf@) > e [ K-, 0)dy >c [ % —cxbm
B B )\—B(n—l—m)

and
1/2
( / !TAdex) > cATAmATAn/2,
P

since |Fy| > eA™P". But ||f|]a = eA"P(=D/2 = A=F7/2)\P/2 and hence
IT5]| = eA™PmA—B2 = A=BmA1/2) — o\~ (mH1/2)/7,
In Theorem 4.1 we proved that
T < CA~(mH1/2)/

for m < yao—1/2 = yn/2 —~/2—1/2 and thus we have proved that this estimate is sharp.

ACKNOWLEDGEMENTS

Part of the paper has been written while all authors met at Institut Mittag-Leffler dur-
ing the program “Homogenization and Random Phenomenon”. H.A. thanks The Institue
for its support. H.S. was partially supported by the Swedish Research Council.



18 HAYK ALEKSANYAN, HENRIK SHAHGHOLIAN, AND PER SJOLIN

REFERENCES

[1] H. Aleksanyan, H. Shahgholian, P. Sj6lin, Applications of Fourier analysis in homogenization of Dirich-
let problem I. Pointwise estimates, J. Differential Equations 254 (6) (2013) 2626-2637.

[2] H. Aleksanyan, H. Shahgholian, P. Sjolin, Applications of Fourier analysis in homogenization of Dirich-
let problem. L? estimates, Arch. Ration. Mech. Anal. (ARMA) 215 (1) (2015) 65-87.

[3] H. Aleksanyan, H. Shahgholian, P. Sjolin, Applications of Fourier analysis in homogenization of Dirich-
let problem III. Polygonal domains, J. Fourier Anal. Appl. 20 (3) (2014) 524-546.

[4] C. Kenig, C. Prange, Uniform Lipschitz Estimates in Bumpy Half-Spaces, Arch. Ration. Mech. Anal.
(ARMA) 216 (3) (2015) 703-765.

[5] D. Phong, E. Stein, Hilbert integrals, singular integrals, and Radon transforms I, Acta mathematica
157 (1) (1986) 99-157.

[6] C. Sogge, E. Stein, Averages over hypersurfaces: II, Inventiones mathematicae 86 (2) (1986) 233-242.

[7] E. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Prince-
ton University Press 1993.

SCHOOL OF MATHEMATICS, THE UNIVERSITY OF EDINBURGH, JCMB THE KING’S BUILDINGS, PETER
GUTHRIE TAIT RoAD, EDINBURGH EH9 3FD

Current address: Department of Mathematics, KTH Royal Institute of Technology, 100 44 Stockholm,
Sweden

E-mail address: hayk.aleksanyan@gmail.com

DEPARTMENT OF MATHEMATICS, KTH ROYAL INSTITUTE OF TECHNOLOGY, 100 44 STOCKHOLM,
SWEDEN
E-mail address: henriksh@kth.se

DEPARTMENT OF MATHEMATICS, KTH ROYAL INSTITUTE OF TECHNOLOGY, 100 44 STOCKHOLM,
SWEDEN
E-mail address: persj@kth.se



	1. Introduction
	2. The main estimate for T
	2.1. Perturbing the surface

	3. Maximal operator for oscillating surfaces
	4. Nonlinear phase
	4.1. Preliminaries
	4.2. Proof of Theorem 4.1
	4.3. Lower bounds.

	Acknowledgements
	References

