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ABsTRACT. Let u, be a solution to the system
div(A¢(x)Vu.(x)) =0 in D, ue(x) = g(x,x/€) onaD,

where D ¢ R? (d > 2), is a smooth uniformly convex domain, and g is
1-periodic in its second variable, and both A, and g are sufficiently smooth.

Our results in this paper are two folds. First we prove L conver-
gence results for solutions of the above system, for non-oscillating operator,
Ae(x) = A(x), with the following convergence rate forall 1 < p < oo

el d=2,
lue — uolly < Cp 3 (ellneht/?, d=3,
elle, d>4,

which we prove is (generically) sharp for d > 4. Here uy is the solution to
the averaging problem.

Second, combining our method with the recent results due to Kenig, Lin
and Shen [7], we prove (for certain class of operators and whend > 3)

llite — uollirpy < Cple(In(1/e))*1V?.

for both oscillating operator and boundary data. For this case, we take
Ae = A(x/¢€), where A is 1-periodic as well.

Some further applications of the method to the homogenization of Neu-
mann problem with oscillating boundary data are also considered.

1. INTRODUCTION AND MAIN RESULT

In this paper we continue our study, initiated in [1], of asymptotic behav-
ior of solutions to elliptic systems in divergence form

(1.1) — div(A(x)Vu(x)) =0, xeD,
set in a bounded domain D c R (d > 2) and with oscillating Dirichlet data

(1.2) ux) =g (x, %), x € dD.
(x
1

Asusual € > 0 is a small parameter, A
defined on R?, where 1 < a,8 < d,

)= (Af;.ﬁ (x)) is R¥N*#_yalued function
<1i,j <N, and g(x,y) is RN-valued
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function defined on dD x R?. Using the summation convention of repeated
indices the operator in is defined a

0d ap u j
ox° [Aif O 5w |

where u = (u4,...,uy) and 1 <i < N. In a similar way we define a family of
operators with rapidly oscillating coefficients, namely for each ¢ > 0 we set

(1.4) (L) = [d' (A(L)Vu)] () = -2 | A% (L)% ()
' i = [AVAALG 0 x| \e) oxB |

For the family of operators {£,}.-0 we set £y to be the homogenized
(effective) operator in a usual sense of the theory of homogenization (see

[4]).

1.1. Assumptions. We will study problem (1.I)-(I.2) under the following
hypotheses.

(1.3) — (Lu); := (div(A()Vu)),; (x) =

i (Periodicity) The boundary vector-valued function g is 1-periodic in
its second variable, i.e.

glx,y+h) =g(x,y), VxedD, YyeR? VheZ"

When dealing with operator £, defined in (1.4) we assume that the
matrix A is 1-periodic, i.e.

A(x +h) = A(x), Vx eR?, Vhe Z°.
ii (Ellipticity) There exists a constant ¢ > 0 such that
cEh &, < ATmE L, <cTEE,  YxeR!, VEERM.
iii (Convexity) We assume that dD is a uniformly convex hypersurface,
that is all its principal curvatures are bounded away from 0.
iv (Smoothness) We suppose that the boundary value g in both vari-
ables, the all elements of A, and domain D are sufficiently smootlﬂ

For each ¢ > 0 let u, be the solution to Dirichlet problem (1.1)-(1.2), and
let uy be the solution to the system with Dirichlet data

(1.5) up(x) = g(x), x €dD,

where g(x) = de ¢(x, y)dy, and T? is the unit torus of R%. In [I] the current
authors proved that for each x > d — 1 there exists a constant C, so that

cd=-1/2
(1.6) Juae () — 1o (x)] < CKdK—(x)/ Vx €D,
where d(x) is the distance of x from the boundary of D. From our point-
wise bound (1.6) one could easily obtain L’ convergence of u, to u, inside
the domain D with the rate of convergence ¢/ forall 1 < p < o and in

UIf not stated otherwise, throughout the text we will use this convention for repeated
indices.

2Here we do not aim to obtain the optimal smoothness, but rather focus on the method
itself.
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all dimensions starting from two. Nevertheless, the results in [1] not be-
ing optimal, raise naturally the question of finding the optimal rate for L”
convergence. Some remarks are in order.

Remark 1.1. The pointwise convergence result in [1] is stated for the case when
the boundary data g only depends on its periodic variable. Generalization to the
current setting of two variables, given the smoothness of the boundary data, is
straightforward and follows the similar analysis as in [1]].

Remark 1.2. The existence of an effective limit u, for solutions u, follows from [9].
However the methods of [9] do not provide any estimates on the rate of convergence.

Remark 1.3. In a recent work by D. Gérard-Varet and N. Masmoudi [6] the authors
consider the following problem

(1.7) Lou(x)=0, xeD and u(x) = g(x, %), x €dD,

where L, is defined as in (I.4). The main result of [6] states that under the
assumptions (i)-(iv) there exists a fixed boundary data g* so that if uy is the solution
to the problem

Loug(x) =0, xe D and up(x) = g'(x), x € dD,
then

(1.8) e — uollr2py < Cag®, Ya € (O, 36;—_}_15)

Now observe that for an operator with constant coefficients the setting of [6], [1],
and the current paper become identical. Then, by the LF convergence result of [1]
we may replace the exponent o in by 1/4 in all dimensions d > 2. This gives
improvement up to dimensions eight including, while for d > 10 the convergence
rate in is better. Amnother motivation for this paper was to investigate the
optimal convergence rate for the result in [6]. In particular we will show that for
some class of operators one can achieve a better convergence rate than that in
(see Theorem [1.7] below).

Remark 1.4. Due to the classical work [3], by M. Avellaneda and F.-H. Lin, the
non-oscillating boundary data case of is well understood.

In this paper we shall strengthen our results on L convergence rate in
[1]. Our technique uses Fourier analysis methods and depends heavily on
the regularity of the operator, and the boundary data, as well as on the
regularity, and uniform convexity of the domain. Although the method is
straightforward and computational analysis, it uses refined and technical
(classical) stationary phase analysis, along with estimates of the Poisson
kernel.

In Theorem [1.7|we describe a possible setting when our methods can be
combined directly with some of the recent results to deal with the problem
of homogenization of elliptic systems with rapidly oscillating coefficients
and boundary data considered in [6]. In section[5|we show that the method
presented here can be applied to study the homogenization of Neumann
problem with fixed operator and oscillating boundary data.
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The main results of this paper are the following.

Theorem 1.5. (LP-convergence) Let u, be the solution to the problem (I.1)-(1.2)
and ug to that of and under assumptions (i)-(iv). Then, forall 1 < p < oo

one has
El/Zp’

d
lliee — uollrpy < Cp{ (elIne)?, d
elr, d

2,
3,
4.

v

Next, we consider the question of optimality of the LV convergence rate
provided by Theorem In particular we prove that in dimensions greater
than 3 the convergence rate obtained in Theorem|I.5]is sharp. For simplicity
we will consider the case of scalar equations rather than systems, and will
assume that the boundary value g depends only on its oscillating variable,
thatis g: T? - C,and g = [ g(y)dy.

T
Theorem 1.6. (Optimality) Let N = 1, and u, be the solution to (I.1)-(1.2) and uq
to that of and under assumptions (i)-(iv). Then for each 1 < p < oo there
exists a constant C, independent of ¢, such that

|[1e — uollrpy = Cpfl/pﬂg — 8llre(rey-

Theorems imply that the convergence rate of homogenization of
the Dirichlet problem with fixed operator and oscillating boundary data is
optimal when d > 4.

Following [7] we set P’;(x) = x,(0,...,1,0,...), with 1 in the k-th position,
where1 <y <dand 1 <k < N. Wealso let £} to be the formal adjoint to £,
that is the matrix of coefficients of £ is Afla

Theorem 1.7. (Homogenization of elliptic systems) Assume d > 3, and that as-
sumptions (i)-(iv) hold. For each ¢ > 0 let u, be the solution to the following
problem

(1.9) Leu(x)=0, xeD and u(x) = g(x, g), x € dD.

IfL:(PY) =0inDforall1 <k <N,1<y<d, and ¢ > 0 then there exists a fixed
boundary data §* depending on operator, domain and boundary data g so that if u
is the solution to the homogenized problem

Loug(x) =0, x e D and up(x) = §"(x), x € dD,

then
e — uollrpy < Cple(In(1/€))*1M7.

The restriction on the operator in the last Theorem means that a certain
family of vector fields in R? must be divergence free. To see this, observe
that from the definition of £; and P} we have

APV, _ 104y (x
P } _gaxa (E), VxeD, Ye > 0.

o _ 0 Ba |
(1.10) 0=Ly(P)) = 5= [Aﬁ (2) B
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If € > 0is small enough, the domain (1/¢)D will contain a lattice cube, hence
in view of periodicity of A the condition (1.10) is equivalent to

0A"
W’Z(x) =0, VxeR.

Now set v) (x) = (A;:,...,Azf)(x), where x e RY, and 1 <k,i<N,1 <y <d.
We obtain that condition (T.10) of Theorem [1.7]is equivalent to

div(v; )(x) =0, VxeR’, 1<ki<N,1<y<d

Observe that for scalar equations (N = 1) the last condition simply means
that the rows of the coefficient matrix A considered as vector fields in R?
must be divergence free.

Remark 1.8. In all results above the boundary of the domain is assumed to be
strictly curved in all directions. On the other extreme, when the boundary consists
of flat pieces, the problem for scalar equations (N = 1) is studied in our paper [2]. It
should be noted that the methods in 2] does not apply, at least not straightforwardly,
to systems.

1.2. Preliminaries and Notation. Throughout the text by I' we denote the
boundary of the domain D. For each x € R (= R') we set exp(x) = ™,
Next, for x € R? by B(x,r) we denote an open ball in R? centered at x and
with radius r > 0. For x € R?, if not stated otherwise |x| denotes its standard
norm. Also by C, C;, C; we denote absolute constants that may vary from
formulae to formulae.

Before proceeding to proofs of main results, we need the following state-
ments.

Lemma 1.9. Let P(x,y), where x € D and y € T, be the Poisson kernel for
the operator £ in the domain D under assumptions (i)-(iv). Then for each a =
(a1, ..., a4) € Zi there exists a constant C,, depending on a, domain D, and operator
L, such that

(111) |D§P(X, y)l < Cam, X € D,y eT,
d
(1.12) PG, )l < Coﬁ, xeD,yer,

where |a| = |ai| + ... + |a4l, and d(x) is the distance of the point x from the boundary
I.

Estimates in are proved in [1], Lemma 2.1 (see also [5]). For the
second estimate (with distance) see [3], Theorem 3.

Using we can establish uniform bounds with respect to x € D on
the surface integral of |P(x, y)|, which we will use later on.

Claim 1.10. Let P(x, y) be as above. Then, there exists a constant C so that

(1.13) flP(x, yldo(y) < C, Vx e D.
r
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Proof. Fix x € D. Without loss of generality we will assume that d(x) = |x],
and the tangent plane to T at 0 is {x € R? : x; = 0}, since otherwise we may
bring x and I' to these positions by translation and rotation of the coordinate
system. Since D is convex and d(x) = |x| it is clear that x is orthogonal to the
tangent plane of I" at 0. Next, in view of the smoothness of the domain there
exists a smooth function ¢ : R%! — R so that for some 0 < 6 < 1 small,
which can be chosen independently of x, we have

T NB©,8) = {(v, () : ly| <105} N B(, ),

where v = (y1, ..., Ya-1). Also, it is clear that ¢(0) = Ve(0) = 0, from which
we get that [p(y')| < Cly'|?, where || <6 .
It follows from (1.12) that to get (1.13) it is enough to show that

f i UNPYCEN
Ix =yl |x|

T'NB(0,0)

where the constant C is independent of x. Now, making a change of variables
in the last integral we get

do(y) dy’
114 f lx =yl =C f b= (v, p(yNIE

TNB(0,5) ly'|<6

From orthogonality of x to {x € R? : x; = 0} and the mentioned properties
of ¢ we have

1
Ix =, e NP = WP + 1y + 25 = 2xa0(y) + 9*(v') > |x* + Sl

if |x| and 6 > 0 are sufficiently small. Using the last inequality from (1.14),
and integrating in the spherical coordinates we get

6
dy dy -2
f y dﬁcfﬁﬁcfﬁdfﬁ
= o))l (P + P (x> + £2)7
ly'|<6 ly'|<d 0
o

dt 1 o)

C ——=C— tan —.

f P+ T
0

Since d(x) = |x| the last expression completes the proof. O

Lemma 1.11. ([1], Lemma 2.3) If f € C*(T%) and T € R, then
12

1 a
Y el < G| D ISR

meZOd an‘i, lal=k
m#

provided k + © > d/2, where c,(f) is the m-th Fourier coefficient of f, and |a| =
ap + ..o+ ay.

An immediate consequence of Lemma is the following result.
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Lemma 1.12. Let T € R, Q be a compact subset of R?, and a function f(x,v) :
Q x T — C be periodic in its second variable. Suppose that for all « € Z% with
lal <k, Dy, f(x, y) exists and is continuous on €2 X T¥. Then

Z lewm(f; )l <Cin, VreQ

lm|*

mezZ-
m#0

provided k + t© > d/2, where c,,(f; x) is the m-th Fourier coefficient of f(x,-).

2. PROOF OF LP-CONVERGENCE RESULT

Proof of Theorem We divide the proof into some steps.
Step 1. Reduction to local graphs. Let z € I' and r > 0 be small. Then there
exists an orthogonal transformation R such that

(2.1) (R =2)) N BO,r) ={(y", ¥(y)) : ly'I <10r} N B(O,7),
where i’ = (y1,..., yd_l) Y(0) = Vy(0) = 0 and (;2715(0) =a;,j=12,.,d-1,

witha; > 0, and 5—~ 6y¢9/ (0) 0,fori#j. Also|D*Y| < Cy,and0<c<ay <ap <
.. <ays_1 <C. We also have

(2.2) Kily'l < V(v < Kaly'l,
where K; and K; do not depend on z. Now choose 6 > 0 so small that
(@) 6 < 1555 and K16 <1,
(b) (2.2) holds for || < ﬁg 5,
(©) ' | < o —a| < 2 for [y| < 1005 when
i=12,.,d-1,

(d) |n’| < K;6 implies that there exists a unique [y’| < 6 so that Vi (1) =

We remark that 6 is a constant that does not depend on z. We have

I c UB(z,1L6) where L = e 2L, henceT ¢ U B(z", Lo) for somez', ..., zM € T.
zel
We take a partition of unity Z @r = 1 on T, where supp(¢x) C B(z", L), and
k=1

@r € C*. Set By = B(z", Lo). Recall that g(x) is the average of ¢ on the unit
torus with respect to its periodic variable, also denote g.(x) := g(x, x/¢).
We have

- =Y | Ptz - 5wleitndow) —sz,
k=1 T
where

I = f P(x, I3 (¥) - T pr(n)do(y).

r
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Step 2. Reduction to volume integrals. Set z = y — z¥, then

Iy = f P(x,z* + z)[g: — 31" + 2)pi(Z" + 2)do(2).
(T'NBy)—zk

We have (I N By) — zF = (T — 2¥) N B(0, L6). By setting y = Rz we obtain

f = f P(, 2 + Ry)lg. - 31 + R el + R p)do(y).
RC—2K)NB(0,L0)
By and (a) we may assume that
R(T =2 N B(O, L) = {(y, ¥(¥)) : |y’ <1006} N B(O,Lo),

and hence

Iy = f P(x, 25+ RY, Py ))Ige — 31" + R, ()

ly’I<Lo

P2 + R, PyNA + V()P 2y
Step 3. Reduction to oscillatory integrals. Since g is one periodic in its
second variable and sufficiently smooth, we have

06, y) = Y cuexp(m - y),
meZ4
and hence
m
ge(x) = Z cm(x)exp (? ~x),
meZ4

where ¢, : T — CY for each m € Z*. Using this and orthogonality of R we
have

23) [ge -1+ RV, () =
Z Cm(ZF + R‘l(y', Y(y')))exp (% -zk) exp E < Rm, (v, ¢(y")) >] ,

m#0

where < -,- > denotes the usual scalar product. By setting n := Rm and
n = |n|(n’, ny) with |(n’, ny)| = 1 from (2.3) we obtain

[ga - g](zk + :R_l (]// ¢(y/))) =
Y enl + R g exp (% -2 | explAFW),

m#0
where

FQ@)=n"y +nap(y),
and A := 1 = @ by orthogonality of R. Next, by setting

Di(y') = @il + RTY, P MA + VP2,
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and

Lim = f Cn(Z + R7Y, W NP, 25+ RTY, Yy NPy )explAF(Y)1dy,

ly'|<Ls

we obtain
el < Y Wil
m#0

Step 4. Decay of I;. We split the study of decay of the integrals I; ,, into two
cases.
Case 1. || > K10/2.

We have VF(y) = n’ +ngV{(y’). Then |n’| > K16/2d for some 1 < j<d -1,
hence by on supp(P,) we have
JF | _ Kid Kq0 K6 Kid _ Kio
—| > = - Kly|> =5 - K,Lo = - > .
P R I A ¥ E el ¥ RV
Now integrating by parts in Ii,, in the j-th coordinate twice, by virtue of
(2.4) and Lemma [1.9|for all x € D we conclude

2 [cal + |+ 2w v
@5 Matlser? [

(2.4)

dem
9y,

¢,
y;

+

/

ly’I<Lo
Recall that d(x) is the distance of x € D from the boundary of D, and set
(2.6) D.={xeD: dx) > ¢}.

Now observe that

C
1 dw i1 C
2.7 dx < < dr = =.
@7) f lx — 2K = Ry, p(y)) 1+t x=C f w1 _Cf et T

D; [w|>e 3

Combining this and we obtain

flIk,m(x)ldx < CA2%e! f [Icml +
D,

[y’ I<Lo

d*c,,

8]/]2.

9n

2y * &+ R, P())dy.

Now taking into account the smoothness properties of ¢ and applying
Lemma to ¢ and to its derivatives to sum up ¢, and its derivatives,
from the last estimate we obtain

(2.8) Y Ml o, < Ce.

m#0

Case 2. |1/| < K16/2.
Since 6 > 0 is small and |(n’, n4)| = 1 we have |n;| > 1/2 and hence

K16
<L:K16.
2

1
2

’

n

ny
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By (d) there exists a unique y’ with |y’| < 6 and Vy(y) = —Z—;. Clearly
VF(FyV’ ) = 0, and using (c) we arrive at
d (JF PPl 199
ay;\ay; )| =" ay?| = 2100™"
Yi\oYy; Y;

From the latter it follows that

OF ~ ) 99
‘a—yj(y +se’)| 2 mﬁhlslf Is| < 40,

where s is scalar and ¢! is the j-th unit vector of R*L. By (c) fori # j we have

07 813 8217b a1
5|5 || = [Ma < ’
from which we obtain
JOF —~
(2.9) l—(y’ + 2| = clz}],
c?z]- J

forz’ € Cjand i’ + 2’ € supp(®x) where

Ci={z' e R |£]| > 2, 1,2,..,d-1.

1
2vVd -1

Clearly the cones €; cover R*. For j = 1,2, ..., d—1 there exists w; supported
in €}, smooth away from the origin and homogenous of degree 0 such that

d-1
Z wi(z') =1, vz' # 0.

=

Now fix a nonnegative function & € C*(R*!) such that h(y’) = 0 for |y'| > 2
and h(y’) = 1for |y’| < 1. Setting y’ = ¥/ +z’ and z* := 2"+ Ry’ +2/, Y(y’ +2'))
we obtain

Liw = f cn(Z)P(x, 2 )D(y’ + 2)exp[AF(y + 2')]dz.

|y +2/|<L6
Set
L = f h(e™ 22, (2)P(x, 2)Dh(y + 2 )exp[AF(y + 2)]dz,
|y +2'|<Ld
and

I, = f (1 = h(e22))c(Z)P(x, 2)Di(y + 2 )exp[AF(y + 2)]dZ,

|y +2/|<L&
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so that Iy, = I; Lt I]%m. It follows from Lemma |(1.9|that

dx
flP(x,y)Idx < CIW <C
D, D,

uniformly with respect to y € I and ¢ > 0, which together with the smooth-
ness condition on g and Lemma gives

Zf| (x)ldstZ f e (22’ < CedD2,

m#0 5 m¢0|z'|5251/2
d-1
For the second part we have I =Y, [ where
mT ok
I]ffn —f 0i(Z)(1 = (™22 ))cn(Z)P(x, 2)Dr(y’ + 2" )explAF(y +2')]dz’.

Now integrating by parts with respect to z; in Ii’]ﬂ twice we obtain

(210) |1 ()] < CA™>

I

Observe that since w; is homogeneous of degree 0, foreach j = 1,2, ...,d-1
and small |z’| we have

9z; | & oz

i

J {1 a[ @;(z)(1 = h(e™2))en(z )P(x2>®k]}

1
|z [k’

k=1,2,..

&kwj( /) <C
821](. Z )| =

Using this, (2.9), (2.10), Lemma (1.9} and applying Lemma we obtain

Y I @) < Ce? ZAk(X)

m#0

R
Al = f PRz

ell2<|z|<C

Az(x) = 8_1/2 f L—l — dZI,

|Z/|3 |x _ Z*ld 1

where

el2<|7/|<2¢e1/2

1 1 )
o= | g

eli2<|z’|1<C

1 1
A — -1 - d /’
a(x) = ¢ f 122 |x — z7 A1 =

el2<|z/|<2e1/2
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1 1
As(x) = 71/ f dz,
5(x) 12’12 |x — z|4

el2<|z/|<2¢e1/2
and
1 1
Ag(x) = — 7.
6( ) f |Z'|2 |x _ Z*|d+1
el2<|z|1<C

An easy calculation shows that

6 8_3/2/ d= 2/
f ZAk(x)dx <Clelneg, d=3,
D, k=1 e, d>4,

where we used Fubini’s theorem to change the volume and surface integra-
tions. Using this we obtain

81/2
Y f I (x)ldx < CJelInel,
g,

m#0 D

4

2
3
4.

QU X
vV 1l

&

Combining together the estimates for 1;1]11 and I]fjn , and using 1) we arrive
at

el/?2, d=2,
(2.11) fIIk(x)Idx <Clellneg|, d=3,
D, g, d>4
Step 5. LV estimates. By virtue of (1.13)) we have sup [|u, — up|lr~p) < o0 and
hence .
(2.12) f [ue(x) — up(x)|dx < Ce,

D\D;

which combined with (2.11)) gives the claim when p = 1.
Now for 1 < p < oo using the boundedness of u, — 1y we obtain

flug — upldx < Cflua — ugldx = Cllue — uollpyp),
D D

hence

1/
(2.13) llue — uollrpy < Cllue — uo||L1;(7D)-

Theorem [I.5]is proved. O
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3. OPTIMALITY: PROOF OF THEOREM

Throughout this section instead of systems we will consider equations,
so the operator £ is considered only in the case N = 1. We begin with a
simple lemma.

Lemma 3.1. (Concentration near the boundary) Let u be the solution to the Dirichlet
problem for the operator L in the domain D with boundary data g : R? — C which
is Lipschitz with constant Lip(g).

Then there exist constants C1, C, depending on dimension, domain, operator,
but independent of g, so that for any x € D, & € T, and small enough 6 > 0 one has

) 1
lu(x) — g(&)| < C16Lip(g) + gllgllw,
provided |x — &| < Cy6.

Proof. By the Poisson representation we have

u(x) = f P(x, y)g(y)do(y), x €D.
r
Fix ¢ eT'andx € D. If |x — & £ 6/2, and | — y| > 6 where y € T, then
clearly |x—y| > 6/2. Using this, (1.13), the second estimate of Lemma([1.9} and
the fact that the Poisson kernel has integral equal to one over the boundary
I', we obtain

G.1) ) - g©)l = f P(x, P)lg(y) - g(©)lda(y)] <
yel

f PG, )lIg() — (E)Mdo(y) + f PG, llgw) — ()Mo <
ly—El<d ly-elzs

CoLip(g) + Cliglled(x) f M,
ly=&120 h:__yw
y—<lz

where the constant C is determined by the Poisson kernel. The last integral
is estimated in a similar way as we proved (1.13), and uniformly with respect

to x we obtain
[
Ix -yl 0

[y—&l=6
It is left to take x so that [x — &| < C26, where C; is a sufficiently small constant
independent of x € D, £ € I and g, hence the claim. O

The next Lemma is essentially the Weyl’s equidistribution theorem, in
our case concerning equidistribution of the scaled surfaces modulo one.

Definition 3.1. For x,y € R? we say that they are equal modulo one, and write
x =y (mod1l)ifx—yeZ
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If x € R?, by x mod 1 we denote the unique point y in the unit torus of R*
which is equal to x modulo one.

Lemma 3.2. (Equidistribution of scaled surfaces) Suppose I is a uniformly convex
smooth hypersurface in R? (d > 2). Then for any Riemann integrable function
¢ : T? - R one has

(3.2)

= lim 57— f $(Ay)da(y),

where J,_1 denotes (d — 1)-dimensional Hausdorff measure.

Proof. We first prove the Lemma for smooth functions. Suppose g € C*(RY)
and is one periodic. Then

g(x) = Z cmexp(m - x), xe T,

meZ4

which converges absolutely. Plugging this expansion into (3.2) we see that
it is enough to prove that

a, —Zcmfexp Am - y)do(y)

m#0

converges to 0, as A — oo. Denote by 0(&) the Fourier transform of the
surface measure 0. The following estimate is well-known (see [10], chapter
VIII, Theorem 1)

[o(&)] < Cleg~r2,

Using this estimate we obtain

d-1)/2 |Cm|
ol < ) lwlFm)| < CA-0 Y- e

m#0

The last sum converges due to smoothness of /1, and thus we get the claim
for smooth functions.

Now if ¢ is a characteristic function of some rectangle in the unit torus,
then it is easy to see that there exist a sequence of smooth functions f, and
F,,n=1,2,...so that

1. fu(x) < g(x) < Fu(x), xeRY,
2. lim [Fu(x) = fu(0)]dx = 0,
T4

from which it follows that holds true for characteristic functions of
rectangles. Clearly it will hold true also for their linear combinations, i.e.
step-functions. Now observe that when ¢ is Riemann integrable function,
then the same pointwise bounds from above and below hold true by means
of step-functions, hence the statement O

Applying Lemma 3.2| to characteristic functions we obtain the following
result.
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Corollary 3.3. Let T be as above, and A C T? be a ball. Then
Haafye': Aymod 1 € A}
Haa () '

where u denotes the Lebesgue measure in RY.

wA) = lim

Now we are ready to complete the proof of Theorem
Proof of Theorem Without loss of generality we may assume that the
boundary data ¢ has mean value 0, and hence u, = 0.

By the Poisson representation we have

(3.3) u.(x) = fP(x, Y)g(y/e)do(y), x € D.
T

If ¢ = 0, then we are done, otherwise set E := {x € T : |g(x)| > 1/2]|gllco}-
Clearly E is an open set, and by passing to a subset of positive measure, we
may assume that E is a ball.

Due to Corollary 3.3| there exists a constant ¢y > 0 so that for all ¢ > 0
small enough one has

Mty €T 181> Slglhel > Su(E)
j{d—l(r) a-1 y : gf y 2 g o 21“ :
Now fix y € T, so that |g.(y)| > 1/2/|glle, and apply Lemma [3.1with
1 oliglle 1 ellglle

" 8Ci Lip(3.)  8Cy Lip(g)’

We obtain
(3.4) lue(x) — gl < lIgll/4, ifx €D, and |x — y| < Cg,

where the constant C is independent of ¢. Since |g.(y)| > lIgll/2 on a fixed
portion of the boundary for all small enough ¢ > 0, inequality implies
that on a fixed portion of the strip B, := {x € D : d(x) < Ce} one has
lue(x)| > lIgll/4, where x € B,.

Now for 1 < p < oo taking the L norm of u, only on that strip we obtain
lltellrr ) = Cel/?|Iglleo, which proves the theorem. O

We remark here that Theorem 1.6gives sharp bounds on convergence rate of
the homogenization process in dimensions 4 and higher, and nearly sharp
in dimension 3. For d = 2, and p = 1 we give an example for which the
convergence rate is exactly 1/,

Example (d=2). Let B be the unit disc of R?, and g(x;, x2) = exp(xz). Note
that g is one periodic and has mean value 0 in the unit torus. Consider the
following problem:

Au.(x) =0, X € B,
u.(x) = g(x/e), x€JB.
To estimate u, on B we proceed using the method of stationary phase

(see e.g. see [10], chapter VIII). Let P(x,y), where |x| < 1, [y]| = 1 be the
Poisson kernel for the Laplace operator in B. We will consider u,(x) only
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at the points |x| < 1/2 where P(x,y) is a smooth function with bounded
derivatives. Observe that the only critical points of the phase function g are
north and south poles of the disc, i.e. n, := (0,1) and n_ := (0, —-1). Itis also
clear that these are non-degenerate critical points. Hence we can invoke the
principle of stationary phase (see [10], chapter VIII, Prop. 6) and obtain

ue(x) = CeVP[P(x, ny)e™™ + P(x,n_)e =] + O(e¥?),

where O(3/?) is uniform with respect to |x| < 1/2. Now to see that the
two terms in the parentheses do not cancel, it is enough to restrict x to
x = (x,x2) € B: |x] <1/2, 1/4 < x, < 1/2}. Considering u, on this
subset we see that |[u.[|15) > Cel/2, which proves that the convergence rate
provided by Theorem [1.6/in the case p = 1 and d = 2 is sharp.

4. Proor oF THEOREM

To prove Theorem we will use a recent result due to Kenig-Lin-Shen
[7] to reduce the setting of rapidly oscillating operators to the fixed operator
with oscillating Dirichlet condition, where our method can be applied. We
start with some preliminaries.

For y € I set n(y) = (n1(y), ..., na(y)) to be the unit outward normal to I' at
the point y. Let A\Zﬁ ,1<aB<d 1<1ij< N be the (constant) coefficient
matrix of the homogenized operators £y, and set h(y) = (hij(y))nxn to be the
inverse matrix of (A\“ﬁna(y)nﬁ(y))NxN, where y € I'. It is a classical fact that
the operator £ is elliptic in a sense of Section (ii) (see [4]) hence the
definition of h(y) is correct. Recall that P)k/(x) =x,(0,..,1,0,...), with 1 in the
k-th position, where 1 <y <d,1 <k < N, and £} is the formal adjoint to
L, that is the matrix of coefficients of £} is Aﬁ . We introduce the matrix of
Dirichlet correctors CI):"), = (CDzl)’f, , N k) for the operator £ in the domain D
defined by

(4.1) Ld* () =0, xeD and ¥ (x) = Pi(x), x €T.

exey &y
For e > 0and y € I set

42) @) =hay)- T@*’k(y) 1, (y) - na ()AL (y/€).

Also set g.(x) = g(x,x/¢), where x € I. We are now ready to formulate
the result we will use from [7].

Theorem 4.1. (Theorem 3.9, [7]) Let d > 3 and assumptions (i)-(iv) hold. Let also
Le(ue) =0inDand u, = g, onI'. Then for any 1 < p < oo one has

e = vellppy < Cle(nle™ M + 2D Pl gelly ),

where Lo(ve) = 0in D and v, = w.g. on T, with w, defined by (4.2), and M is the
diameter of D.

We remark that this theorem is proved under some mild regularity con-
ditions on the operator, domain and boundary data.
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Proof of Theorem Under the condition of the theorem we have that
Li(PY) = 0 in D from which we get that @, = P§ where 1 < y < d and
1 <k < N. Using this and (4.2) we get

(43) /() = hay)n, Y, W WAL Y/ €) = hna WAL (y/ ),

where the last equality is due to the fact that n(y)n(y) = [n(y)* = 1 for all
y € I'. We now proceed to identification of the homogenized boundary data
g'(x). Recall that since we are working with the family £, the coefficient

matrix A is now assumed to be 1-periodic. Set cm(AZ].ﬁ ) to be the m-th Fourier

coefficient of AZ]ﬁ . For the boundary vector-valued function g(x, y) let g; be its

j-th component, 1 < j < N, and set c,(gj; x) to be the m-th Fourier coefficient
of the function g;(x, -), where x € T..

Now observe that by virtue of Theorem 4.1| to get the homogenization
of problem (1.9) it is enough to homogenize v,. Using and Fourier
expansion of A and g(x, -) for the boundary data of v, we get

(44) v(y) = 0 (YY) = hWnaWngWAL v/ )8y, y/ ) =
Ri()nang(y) Y enlA ) m(gs v)+

meZ4

hi(y)na(y)ng(y) Z cm(AZf )en(gj; y)exp [g S (m+ n)] :

mmnezZ-
m+n#0

Due to the smoothness conditions on A and g their Fourier series converge
absolutely, hence rearrangements in are correct. Set gi(v) to be the first
term in the right hand side of (4.4), we claim that the homogenized boundary
data is g"(x) = ( glf(x))fi .- To see this define u, as the solution to the following
problem

Loup(x) =0, xe D and up(x) = g"(x), x e T.

By the smoothness of the domain, operator and boundary data, the definition
of v, and uy, it follows from the proof of Theorem [I.5] that

(e|lneht?, d=3,

Ve — U <C
llve = uollripy < Gy {gl/p, d>4.

This in combination with Theorem [4.1|finishes the proof of our Theorem
with homogenized boundary data ¢ defined explicitly in terms of operator,
domain and boundary data g. O

5. THE NEUMANN PROBLEM

Throughout this section we will assume that 4 > 3 and the operator £
is symmetric, i.e. for its coefficients one has A = A” or in the explicit form,

af _ apa
Al = AR



18 HAYK ALEKSANYAN, HENRIK SHAHGHOLIAN, AND PER SJOLIN

As another application of the proof of convergence result for the Dirichlet
problem, we consider homogenization of the Neumann problem, with oscil-
lating boundary data. Denote by N(x, y) the matrix of Neumann functions
for operator £ in the domain D (see [8] for the definition).

For the operator £ and for some function F, : R? — CN consider the
following problem

(5.1)

dle

Lue‘(x) = Fe(x) il’l D,
~£(x) = g(x,x/e) onT,

i j
where (%‘jj) (x) = na(x)Af.;’3 (x) gz;, 1 <i < N, denotes the conormal derivative,

and n(x) is the outward unit normal to I" at the point x. Here for each ¢ > 0 one
chooses F, so that the compatibility condition f F.(x)dx = f 8y, y/e)do(y)
D r

holds true. In addition we will also assume that sup ||F||s < 0.
e>0

Theorem 5.1. (Neumann Problem) Let d > 3, and assume that conditions (i)-(iv)
of Section |1.1|and the symmetry condition A = A" hold true. Let u. be a solution
to the system and ug be a solution to the same problem where the boundary
value g is replaced by g, and F. is replaced by some smooth function F to fulfill the
compatibility condition. Set

o) =) - - [ w(do) - f N(x, y)E.(y)dy,
T D

and let vy be the term corresponding to the homogenized problem. Then for any
1 < p < oo one has

ellr, d=3,
lve — vollpy < Cp 3 3%, d=4,
2P|\ Ine'?, d>5.

The reader may wonder about the behavior for the Neumann problem,
versus Dirichlet above. A better convergence rate in higher dimensions is a
consequence of the fact that Neumann kernel has lower order singularity in
comparison to Poisson kernel.

The following is an example of problem (5.1)), for which the convergence
rate of its solutions is determined by its boundary data.

Example5.2. Foreache > OtakeF, = 7 [ g(y, y/€)do(y), and Fo = 3 [ g(y)do(y).
r r

Since g is sufficiently smooth function, and I is a smooth and uniformly convex
hypersurface, after expanding g into its Fourier series with respect to the periodic
variable, and applying the principle of stationary phase (see [10], chapter VIII,
Theorem 1) on each summand we get

|F. — Fy| < Ce@D/2,
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Using this and Lemma 5.4] below we obtain

fN(x, y)(Fe — Fo)dy| < Ce(d‘”/zfu\](x, y)ldy < Ce@Dr2,
b D

where C is independent of x € D, and ¢ > 0. Combining this last estimate with
Theorem 5.1}, for each 1 < p < oo we obtain

1 e, d=3,
ll1e — 1o — T f(”e — ug)do(X)|lrp) < Cp{ 3%, d=4,
T 2P| lnelt’r, d>5.

The example shows, that we will have the same picture, if we take some smooth
and one periodic function F(x), and proceed by taking F.(x) = F(x/¢), and Fy =

f F(x)dx.
T

Theorem 5.3. (Gradient of Neumann solutions) Keeping the same conditions and
notation of Theorem[5.1} for each 1 < p < oo, and any 0 < x < 1/p one has

V(v — Uo)”U’(D) < Clec'?K.

For the proofs of Theorems [5.1| and [5.3) we need some preliminary es-
timate. Recall that N(x, y) denotes the matrix of Neumann functions for
operator £ in D defined in [8]. We have the following lemma.

Lemma 5.4. Under the assumptions (i)-(iv) of Section symmetry condition
A=A"andd > 3 for each a = (a3, ..., a9) € Z¢ there exists a constant C, such
that for all x € D and y € T one has

(5.2) IDyN(x, y)| < Ca—|x mpYTEREY
and
(5.3) IDyVN(x, y)l < Cq

|x _ y|d+|a|—1’
where |a| = |aq| + ... + |agl.

Proof. The case when |a| < 1, under weaker conditions on operator and
domain was treated in [8]. The case of |a| = 2, or even higher orders can be
done by a scaling argument along with up to boundary uniform regularity
for solutions to Neumann problems; see Lemma 2.1 in [1] for a similar
treatment for the Poisson kernel. O

An easy consequence of this lemma is the following bound on the gradi-
ents of u,.

Lemma 5.5. Let u, be a solution to the problem (5.1). Then for each x > 0 there
exists a constant C, independent of € such that

1
)| <C.— .
Vu.(x)| < CKd"(x)' VxeD
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Proof. The following representation is known (see [7], Section 4)
1
6w [wen= [NepEwar [Nz iow.
T D r

Using the uniform boundedness of F, and g, with respect to ¢ > 0, from (5.4)
we obtain

(55) Vit ()] < C f VNG, y)ldy + C f VN, )ldo(y).

D T

The volume integral in (5.5) is bounded by virtue of estimate (5.3) in Lemma
5.4 For the surface mtegral again the estimate (5.3) of Lemma [5.4|gives

do(y) C do(y)
f|v N(x, y)ldo(y) < Cf| — < d;{(x) I — ylt-1- k"

r

The last integral is uniformly bounded with respect to x by some constant
depending on «, hence we obtain the result. O

Proof of Theorem In view of (5.4) we have
1
o) = 1) - = [ wMo(w) ~ [ NexyF iy =
T D

f N(x, y)g:(y)do(y).
I

By this, the proof of the theorem basically follows from the proof of Theorem
by simple modification. Uniform boundedness of v.(x) with respect to
x € D and ¢ > 0 now follows from the estimate of |[N(x, y)| provided by
Lemma 5.4l Next, instead of we consider D, := {x € D : d(x) > &?}. Itis
left to replace P(x, y) by N(x, y), and instead of Lemma [1.9| use estimates of
Lemma [5.4]in the proof of Theorem[1.5] Note that a better convergence rate
in comparison with the Dirichlet problem is due to lower singularity of the
kernel N(x, y) than that of P(x, y). O

Proof of Theorem By the second part of Lemma 5.4 we see that the
gradient of the Neumann matrix with respect to x variable, which is inside
the domain, enjoys almost the same regularity properties as that of the
Poisson kernel provided by Lemma But this regularity is enough to
repeat the steps of the proof of Theorem up to Step 5, and to obtain
the same estimates in the region D, which is away from the boundary. To
complete the proof of the theorem for p = 1 we need to prove the analogue
of (2.12). Here we use Lemma Keeping the same notations as in the
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proof of Theorem [1.5 for each small 7 > 0 we have

dx ( dr -
. - < — < — = T
(5.6) f [V(v: — vo)(x)|dx < C, f o = C; " Cee ™,
D\D: D\D; 0
which proves the case p = 1. Now for 1 < p < oo, take ¥ > p. By the Holder’s
inequality we obtain

(5.7) IV(©: = vo)llrpy < IV (0 = v9)l i{(D)IIV(vs = vo)llif(ag),
where 1/p = a, + (1 — o) /7, and a;, € [0, 1]. From which we conclude
17—
a, = — P.
pr—1

From Lemmal5.5\we have ||V(v, — Ug)lli,_([g) < C;, where C; depends on a small

parameter in the lemma. The bound for LF-norm now follows form the case
p = 1 and the fact that lima, = 1/p. O
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