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ON GREEDY ALGORITHM BY RENORMED
FRANKLIN SYSTEM
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ABSTRACT. We characterize the all weighted greedy algorithms
with respect to Franklin system which converge uniformly for con-
tinuous functions and almost everywhere for integrable functions.
In case, when the algorithm fails to satisfy our classification crite-
ria, we construct a continuous function for which the correspond-
ing approximation diverges unboundedly almost everywhere. Some
applications to wavelet systems are also discussed.
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1. INTRODUCTION

Let X be a Banach space and ¥ = {1,,}22, be a basis in X with
inf ||¢,|| > 0. For any f € X one has the expansion

f=> el f)tbn,
n=1

where {c,(f)} are uniquely determined by f and lim ¢,(f) = 0. Let
n—oo
An be a set of integers of cardinality N with

: > N=1,2,..
kr%m(fn _i{éi‘ikk(f)‘v 2,

The operator
Gn(f) = Gn(f, V) := Z cx(f)n,

keAn

is called N-th greedy approximant of f by the system ¥ and the method
of approximation of f by Gy(f) is called greedy algorithm.

A basis ¥ is called quasi-greedy, if there exists a constant C' such
that for any f

IGN(f, D) < C|Ifll, N=1,2,...
273
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P. Wojtaszczyk [24] proved that a basis ¥ is quasi-greedy if and only
if for any f the greedy algorithm converges to f, that is

lim || — Gy (7 W) = 0.

Convergence of greedy algorithm for special systems was studied by
many authors. T.W. Korner answering a question raised by Carleson
and Coifman constructed in [17] a function from L? and then in [18] a
continuous function for which the greedy algorithm by the trigonomet-
ric system diverges almost everywhere.

For trigonometric system V.Temlyakov [23] proved existence of a
function from LP, 1 < p < 2 whose greedy algorithm diverges in
measure, and existence of a continuous function whose greedy algo-
rithm does not converge in L”, p > 2. On the other hand S. Konyagin
and V. Temlyakov [16] obtained sufficient conditions for convergence
of greedy algorithm. Similar results concerning convergence and diver-
gence of greedy algorithm by the Walsh system were obtained by G.
Amirkhanyan (see [2]).

M. Grigoryan and A. Sargsyan [11] constructed a continuous function
for which the greedy algorithm by the Faber-Schauder system does not
converge in measure.

For orthonormal Franklin system and wavelet systems with the rate
of decay W, for some € > 0 G. Gevorkyan and A. Stepanyan

9] constructed a function from [ LP(R) whose greedy algorithm
1<p<oo
diverges almost everywhere.

There are some positive results in this direction. For instance S.
Kostyukovsky and A. Olevskii [20] constructed an orthonormal basis
for L?(0,1) consisting of uniformly bounded functions such that the
greedy algorithm for each f € L?(0,1) by that system converges almost
everywhere, and in [21] Nielsen constructed an orthonormal system of
uniformly bounded functions which is a quasi-greedy basis in L?(0, 1)
for all 1 < p < 0.

For rapidly decreasing one-dimensional wavelet systems T. Tao [22]
proved that the wavelet expansion of any f € LP(R), 1 < p < oo con-
verges almost everywhere under the wavelet projection, hard sampling
and soft sampling summation methods.

Let I' = {7,}22, be a decreasing sequence of positive numbers. For
f € X we consider the decreasing rearrangement of absolute values of
non-vanishing coefficients of f with the weight ~,:

(11) )o@ (N = o o) ()] = o 2 Yo Com) ()] = -,
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and define the weighted greedy approximant of f as follows:

(1.2) GnN(f,U,T,0) :=Gn(f, U,T): Z  N=1,2,..

n=1

Such a weighted greedy approximation was considered in [10] (see
also [13]). We denote the set of rearrangements satisfying (1.1) by
D(f,¥,T'). One can see that (1.2) coincides with the greedy approxi-
mants by the renormed system W:

1 eren-o(r{lu).

In [15] S. Konyagin and V. Temlyakov proved that if ¥ = {1,,}2>° | is a
normed basis in a Banach space X, I' = {277}, then for any f € X

N—oo

We denote by Ho, = {h,,}22, the Haar system and by Fo = {f.}22,
the Franklin system both normed in || - || norm. Let ¥ be either Hy,

or oo, f € L'(0,1) and ¢, (f) be the n-th Fourier coefficient of f by
the system ¥. We denote

spf={n>0: ¢(f) #0}.

Remark 1.1. If f € C[0,1] then ¢,(f) — 0 and the definition (1.1) is
correct, but the condition f € L'(0,1) does not imply that coefficients
tend to 0, so depending on T' and f the set D(f,W,T') can be empty.
In this case for f € L*(0,1) we split spf into two parts

A={nespf: |e.(f)| <1}, B:=spf\A

and consider the rearrangements of non-vanishing coefficients for which

(14) |Ca(n)(f)’}/a(n)| \J on A

and the second part can be rearranged arbitrarily. The set D(f, U, T")
and convergence of the approximants (1.2) are considered in this sense.

Note that in the case 7, — 0, the rearrangement satisfying (1.4) al-
ways exists. When v, does not tend to zero, we consider only functions
for which the rearrangement satisfying (1.4) exists. This, as we will see
later, does not lose the generality.

Let H, = {hn,}22, be the Haar system normed in || - ||, norm and
let Ty = {yu,}22,, where y,, = 277, if n = 28 +4, i = 1,2, ..., 2%,
1 < p < oco. We state a theorem of T. Tao in a slightly different but
equivalent form.
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Theorem (T. Tao, [22]). a) If 1 < p < oo then for each f € L*(0,1)
A}im Gn(f,Heo,I'p) = f(z), a.e. on|0,1].

b) There exists F € () L*(0,1) such that

1<p<oo
Jim sup |Gy (F, Hoo, Too)(7)] = +o00, @ € [0,1].
—00

It is easy to see that Gy (f, He,['y) = Gn(f,Hp), 1 < p < o0,
hence this theorem implies that if the Haar functions are normed in
|| - ||, norm then the approximants (1.2) converges a.e. in the case
1 < p < oo and when p = oo there exists an integrable function with
everywhere divergent greedy algorithm.

For sequence I' = {~, }7°, we denote

(1.5) 7(I) = sup {T; l"gz}.

m>n>0 n Tm

Remark 1.2. Ifp > 0 then 7({n"P}%,) < +oo, while T({(Inn)~1}°,) =
+00.

Remark 1.3. The condition 7(I') < +oo implies v, — 0. On the
other hand if

~ 1 1
['= {{(5 + ;)’Ynk}f:Q}zo:Qa where ny < ng < ...

then clearly T(I') = 400. Besides, if the sequence ny, k = 2,3, ... tends
to oo sufficiently fast, then I" is monotone and tends to 0 with arbitrary
given rate.

For the Haar system we also have the following
Theorem(S. Gogyan, [10]). For each f € L'(0,1)

N—oo

if and only if 7(I') < +o0.
In the present paper we prove the following theorems.

Theorem 1.4. The following assertions hold:
1). If (') < +oo, then A}im lf — GN(f,Fo, D)|lc = 0, for all
—00

feCl0,1] and o € D(f,F, ).
2). If 7(I") = +o0, then there exists f € C0, 1] such that #D(f, Foo, ') =
1 and Gn(f)(x) diverges a.e. on [0,1].

Theorem 1.5. A}im Gn(f, Foo, ) () = f(2) a.e. on[0,1] for all f €
—00
LY0,1] and all 0 € D(f,Fo,T) if and only if 7(T') < +00.
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Remark 1.6. Analogues of Theorems 1.4 and 1.5 for Haar system
were proved in [1]. By a different approach and in different terms T. W.
Koérner [19] proved an analogue of Theorem 1.4 for Haar system when
the normalizing coefficients are constant in the blocks of Haar system.

From Theorems 1.4 and 1.5 we get an analogue of the result of T.
Tao for Franklin system.

2. DEFINITIONS AND AUXILIARY RESULTS. UNIFORM
CONVERGENCE

Let

F={fizo = HAYL R0 U S}, where z € [0,1]
be the orthonormal Franklin system (see [12], p.197). It is known (see
[12], p. 199) that the Franklin system is a basis in C|0, 1] and in L?[0, 1]
for 1 < p < oo and an unconditional basis in LP[0, 1] for 1 < p < oo
(see [12], p. 214). Also Fourier-Franklin series of f € L'[0, 1] converges
to f a.e. in [0, 1] (see [3] and [4]).
For n = 2" + v, where > 0, 1 < v < 2" we denote

v oy <i<n.

26

B {2—+0 <<,
Snji =

It is known that f,, is continuous on [0, 1] and linear on the inter-
vals [$yi—1, Sn], hence it is uniquely defined by values ol = fr(Sni)-

i
Besides f,, attains its minimum and maximum values on the interval
[Sn.2v—2, Sn.2v], called a peak interval of f,, and denoted by {n} (see [5]).

In the case 2# + 1 < n < 2*T! the following estimates are true (see

[5] and [8]):

(2.1) —@agu) <afl), < —Eaéu)»
(22) - 66 gu)—Q a’él/)—l _%agy)—%

2
(2.3) \@2‘5 <l falloe = aiyly < 257,
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(2.4) |al+1| <la{™| < = y al)], 1<i<2w -3,
L o M) < 2,0 :
(2.5) Z|ai71| < la;"| §?|ai71|’ v+l<i<n-—1
For f € LY0,1] let c,(f) = || full% ff z)dx be the n-th coef-

ficient of Fourier-Franklin series of f by the system F, n = 0,1, ...

For n = 2% +4, 1 <4 < 2% we denote [n] = k and for an index set
A={ny,...,n:} C N denote [A] = : {[na]y .oy [nie] }-

The interval of the form (Z;—kl, sz) wherei =1,2,...,28and k =0, 1, ...
is called a dyadic interval of order k. For n = + i,1=1,2,..,2"
k=0,1,... we denote

; 1—1 1 — i—1 1
Bn =8 = (7%) B = [72—4 |
and
A =A)=(0,1); A; =10,1].
We also denote by z, := Qk +1 the midpoint of the interval A,, n =

1,2,... and by R® the set of dyadic rational points from [0, 1]:
00 LN 2k
R® .= U Ry, where Ry := {%} , k=01, ..
k=0 =0

There exist absolute constants Cy > 0 and 0 < r < 1 so that (see [12],
p. 205).

(2.6) | ful@)| < Cor™#=1 2 € [0,1].

Using (2.6) we get

(2.7) S (@) <Cr xe[0,1], k=0,1,...

[n]=k

where (] is an absolute constant.
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M

For a polynomial P(z) = 3 a,f,(z) and a rearrangement o of the
n=N

set {N,N +1,..., M} we denote

k ~
Z aa(n)fa(n) (ZE)
n=N
In the sequel we denote by C an absolute constant which can be dif-
ferent in different formulas.

The notation a =< b means double inequality Cia < b < Cya where

C1,Cy > 0 are absolute constants.
From Lemma 1 in [5] and (2.1) — (2.3) follows

Lemma 2.1. Let 28 + 1 < n < 2871, There exists a point t,, € {n},
such that

Pi(x) = sup , x€l0,1].

N<k<M

0—1 9}

/fn(t)dtz c27* if {n} C { e

Now we use Lemma 2.1 to obtain a result similar to Lemma 2 of [9].

Lemma 2.2. Let I' = {7,}22, be a decreasing sequence of positive
numbers and let the dyadic interval

a—1 «
A = (2—18’ 2_5) C (O, 1),
and the index set

A={k}", CN, <k <ky<..<kp meN
with
YA

(2.8) £ <2, where 282" € [A, B,
B

be given. Suppose Q = {n € N: {n} C A, [n] € A} = {n;}_,,
ny < ng < ..<n, and let o be a permutation of Q satisfying
(2.9) ta(m) < ta(nz) <. < ta(np),

where t, is determined by Lemma 1.
Then the polynomaial

1 u o~ l(n;) ¥
(2.10) P(a)i=—3" % Fou (@)
i=1 i

satisfies the following conditions

1) S lea(P) ) < C, @ € [0,1],

n=0
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A
2) |IP|ls = /25,

3) 0 € D(P,F,T) and p{z € A: Pi(x) > c} > c|A|, for some
absolute constant ¢ € (0,1).

Proof. Since I' is decreasing it follows from (2.10) and (2.8) that ¢ €
D(P,F,T') and

1 2
(2.11) 3 < cp(P) < M€ spP

which together with (2.7) and (2.10) proves the first item of the Lemma.

Next, for [n] = k we have ||fu|la = 1 and ||fs]|c = 22. Hence
Ifnll2 = 272 and the assertion 2) of Lemma 2.2 follows from (2.11)
and the equality

{n: [n]=k,{n} Cc A} =2"" k> p.

We denote ¢ ) = 55. Using (2.11) and Lemma 2.1 we get

a(npt1

/ Pl (x)dx > / S Co)(P) fotm(@)da =

A A o)<z, nespP

t o
o(njq1) 2B

> / > ow(P) fom(@)dr = > /cn(P)ﬁ(x)da:z

i=1 to(n) to(n)<®, nEspP nEsthn

1C 1

- o~ = —|A].

3m Z 3 Al
nespP

From this estimate and the first item of Lemma 2.2 follows that there
exists an absolute constant ¢ € (0, 1) such that

pwf{x € A Pi(x) > c} > c|A|.
Lemma 2.2 is proved. U

Remark 2.3. Let {7,,}°°, be an arbitrary sequence of numbers with
% <7 < g and let A be as in Lemma 2.2. From the proof of Lemma
2.2 follows that the polynomial

(2.12) Pa)=— > m.fulz)
[nJeA{n}CA
satisfies conditions 1) and 2). By Chebishev inequality we have
A

ple €0,1]: |P(x)] >m 1} < C
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while using estimates (2.1)—(2.5) one can see that |P(xq)| > ¢, where x
1s the left endpoint of the interval A and ¢ > 0 is an absolute constant.

Lemma 2.4. Let I' = {7,}22, be a decreasing sequence of positive
numbers with 7(I') = co. Given dyadic interval

a—1 «
_ B
A_<2B,25>, l<a<?2’, >1

and numbers pg > B, M > 1, there exist an index set A C N of
cardinality m > M, an index set J C {n € N: [n] € A, {n} C A}
and a polynomaial

such that

1) min A > po,
2) Q)] < O,z € [0.1],
3) #D(Q,F oo, T) =1 and if 0 € D(Q,Fx,T") then

plr € A Qp(x) > ¢} > c|Al,
where ¢ € (0,1) is an absolute constant.

Proof. Observe that for sufficiently large m > M and for any index set
A of cardinality m with min A > m, by (2.6) we have

~ 1
. S 1
(2.13) E |fu(x)] < 1, if dist(z, A) > Z\A].
[n]eA, {n}CA

We fix {7,,}°, - an arbitrary sequence of numbers satisfying
g <7< g,
57 T2
For sufficiently large m > M with (2.13) and an index p > m+py using
(2.6) and Remark 2.3 we find p,, with 1 < p,,, < m such that for

(2.14) n=12, ..

P+Pm

(2.15) Gw=—3 ¥ nhe

k=p+1 [n]=k, {n}CA
we have

(2.16) 1Q(x)| <m Y4, z€[0,1],
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and there exists z( € [0, 1] such that

Qo) + % Z Tnfn(ggo) > m- V4

[n]=p+pm+1, {n}CA
For i = 0,1, ..., m — p,, we inductively construct polynomials

Pi(z) = oy Z Tnﬁz(@;

[n]eA;, {n}CA

Qu(x) = % S (o),

ned;

auxiliary sets £, such that for the sequence of numbers {g;}" ;" with

(2.17) go=m g =g — 277",
and sets
1

the following properties hold:
a) A; consists of i + p,, different integers with A; > py and J; C
{neN: [n] € Aj,{n} C A},
b) max A; 1 < maxA; + Cylog, m,
c) E; C Eijq,
d) E; C E; C (0,1) and u(E; \ E;) <m™2,
) > ful)| < 12727 2 € By i <m— pn,

(§]
nESinJrl\SPQL

f) X fal@)| <3@+1)27 ze[0,1]\ (B U...UE),
nespP;\spQ;

g) |Qi1(z)] <m Yt 4i272m 2 €[0,1], i< m— pn.
For i = 0 we take Ag ={p+ 1,p+2,...;p+pn}, Po = Qo = Q where

@ is defined by (2.15) and Jy = spQy.

Suppose that for 0 < k < m — p,, we have constructed polynomials
P;, Q; and hence index sets A;, J;, for i = 0,1,...,k, also sets £, for
i=0,1,...,k— 1 with the properties a) — g). Now we construct the set
E,; and polynomials Py, Qki1-

For the polynomial @y we consider the set Ej defined by (2.18). It
follows from (2.13) that dist(Ejy, {0,1}) > 1|A|. Since Q is a continu-

ous piecewise linear function, Ej is an open set in (0,1). We represent
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E;. as a union of intervals

Ny
E, = U ak? . U AJO
j=1
and denote max Ay := wui. From the deﬁnltlon of @ and Franklin

functions we have N, < 2%+2. Now, for J = 1,2,..., Ny we enlarge
each interval A7’ to the interval A7' := (¢l dl) such that

; m_2 m=2

2.19 0<al c] < - —
—2 —2

2.20 b] — < &< bj — < 1.
( ) + 8N}, + 4N},

We also choose endpoints of A" to be from R,/ for some k' > .
Since N, < 22 by (2.19) — (2.20) we can take

(2.21) k' < uy, + Cylogym.
Let Gy be the union of enlarged intervals. From (2.19) — (2.20) follows

— 1
(2.22) Er C Gi, G, C (0,1) and u(Gy \ Ex) < Em_Q

Now we enlarge each interval Ai;l by the same way as we did for Af;’o
and denote the obtained intervals by A?f, 7 =1,2,....N,. We also
take the endpoints of each Aff from R,» for some k" > k', where

" / Nk ]
k™ < ug+ Cilogy m. Now we take E, = | A?f and observe that after
~

the enlargement we have

1
(2.23) Gy C E,, E, C (0,1) and u(E, \ Gi) < 3 m=2
It follows from the construction of G}, and F,, that
. : m=2 _ m™?
(2.24) min(dist(0Gy, dE,), dist(DE,,dEy)) > N, 2 > SurTs”

We take an index k; > k" and denote
@== Y nh@
g \T) ‘= m TnJn\T),

[’I’L} =k1 ,{n}CA\Gk

a.() ::% S k@)

[n]=k1,{n}CANGk
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By (2.6) and (2.24) we can choose k‘l < uy, + Cy logy m so that

(2.25) — Z | ful2)] < 2 2o r e By,
”GSPQk
(2.26) — Z fn(@)] < 2‘2”‘ z €[0,1]\ E,.
nESpg,C

Now we take Agy1 := AgU{k1}, Peyr = Potgrtg, and Qry1 = Qrtgr
and prove that conditions a) — g) for i = k are fulfilled.

By the induction hypothesis and definition of Ax,; we obtain a).
From the choice of integers &', k" and k; we get b). The item c) follows
from (2.18), definition of Qx4+, (2.14) and (2.25). Next, from (2.22)
and (2.23) we get d). Then, since spQrs+1 = spQr U spgr we get e)
from (2.25). Now observe that by the construction of Pyyq and Qi1
we have

spPes1 \ spQri1 = (spPe \ spQ) Uspg;,
hence by the induction hypothesis and (2.26) we obtain f). Finally, by
the induction hypothesis, (2.18), (2.25) and (2.7) we obtain g).

Now applying the process described above for © = 0 we get the
validity of the statement of induction in the case ¢ = 0.

On the last step when i = m —p,,, we denote N := m —p,,, P := Py,
Q:=Qnand A := Ay and J := Jy.

By f) and (2.14) for each € [0,1]\ (Ey; U E; U ... U Ey) we have

(2.27) S e P fula) <27

nespP\spQ

On the other hand from ¢) and d) we have

w((EyU . UEY) A Ex) < p((ByU..UEy )\ Ex)+m™2<

m 2+ p((EyU...UEy_) A Ey_y) <..<m™
hence

/ / 1
(2.28) H(ELU . UEy) < u(Ey) + —.

From b) follows that [spP] C p,p+ m?2, if m > M is sufficiently large
and p > m + py. Since 7(I") = oo, there exist integers B > A > 2"m+Po
such that

B )
Z 5o and A <9
A VB
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Hence if we start the construction of A from p = [logy A] + 1, we will
have spP C A, B for any sequence {7,}°°, with (2.14).
Now suppose A, B = {n;}{_,, where n; < ng < ... <n,. We take

_ Jo='(n)
Tns

(2.29) .

(3

,1=1,2,...,q

where ¢ is a permutation of the set A, B such that
tg(nl) < ta(m) < ... < ta(nq),

and t,, is determined by Lemma 2.1. From the choice of the numbers A
and B, monotonicity of the sequence I' and (2.29) we have 5 < 7, < 2,
n € A Band 0 € D(P,F,T) N D(Q,F,T). As we see, P is the
polynomial from Lemma 2.2 for the index set A, hence P satisfies items
2 — 3 of Lemma 2.2.

Since p > pg the first item of Lemma 2.4 is fulfilled. From g) we get
the second item of Lemma 2.4. From the second item of Lemma 2.2,
(2.28) and the Chebishev inequality we have
(2.30)

/ , 1 1 A
W(E, U UEY) < Cm QIR+ L < cm"?|| P+ A
m

< L
C e

1
m m
Since P satisfies the third item of Lemma 2.2, from (2.27) and (2.30)
we get
p{xr € (0,1) : Qi(x) > c} > clAl.

To complete the proof observe that if needed we can slightly perturb
the coefficients of P so that all the quantities |¢,(P)Y,| will be different
from each other and % <7 < g, for n € spP by the same time all
mentioned properties of polynomials P, () and the permutation o will
be preserved. Hence we can suppose that #D(Q, F, ') = 1.

Lemma 2.4 is proved. O

3. AUXILIARY RESULTS. POINTWISE CONVERGENCE

Theorem (G. Gevorkyan, [6]). The series with respect to Franklin

system
> anful)
n=0
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converges a.e. on a set E C (0,1) of positive measure if and only if

S a2 fi(x) < +oo a.e. on E.
n=0

Lemma 3.1. Let E C [0,1] with u(E) > 0 and let 0<mn; <ng<..
be a sequence of nonnegative integers such that Z f2 (x) < +00 a.e.

on E. Then

1=0

Z]fm )| < 400 a.e. on E.

Proof. We use the technique from [6]. Let 6 > 0. There exists a
compact set A C E such that

(3.1) Zf ) <M < 400, €A
and
(3.2) n(A) > p(E) — 0.

Let {I]}, where k = 1,2,... and j € {1,2, ..., 2*}, be a family of dyadic
intervals which are defined as follows. For k = 1 we split [0, 1] into
intervals (0,1), (1,1) and denote by I{ those intervals for which

) 29
InA
1(17)
Suppose we have chosen intervals Ij for k =1,2,..., N. We split [0, 1]
into intervals (QJNJE17 2N+1) j=1,2,..,2Y" and denote by I3, those

(3.3)

intervals which do not intersect with any I ,]C for £k < N and

,u(]]{/-s-l M A)

(3.4) : < 4.
M([]]\H-l)
Let B = G U I]. Clearly [0,1] \ B C A with the exception of at most
dyadic ralzi:(;n]al points, also
(3.5) p(EN ([0,1]\ B)) < 20.

Now we denote by {n; :7=0,1,...} the subset of the numbers {n; : i =
0,1,...} with {n;} C B and the rest we denote by {n;/ :7=0,1,..}.
For z € I/, and k > m from (2.6) we have

(3.6) > Py <c Z bt
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Since z, §é I}, and z » takes values of the form £, from (3.6) we get

(3.7) Z f ()< > < Cr¥ @ his) for ¢ € I

k J,c
n,| q=2%p(, 117

where p(x, [ ,Jgoc) is the distance of x from the complement of I go.
From (3.7) follows

/E:Zf”¢KCZ/2”1m<CZ/2%<

k;>m[ ”] k k:>m0

(3.8) Cz / rtdt < Cu(Il).

k:>m

Now we show that

1
(3.9) / > fi;/(a:)dx < +o0.
0 n;

From (3.1), (3.8) and (2.7) we obtain

[E o [ Srome S
0 n;

0.1\B 5

M+ZZ/Z Z f%, Yz < M’ +szu (I%)

m=0 1 m=0 1

(3.10) ZZ/ZZFH

m=0 i

Let J be a dyadic interval of order m — 1 which contains I' . Tt follows
from the definition of the intervals I that

u(J NA)
(J) =

Denote F(z) = Z Z f %, (x). From the definition of the functions
0 [nj]1=k "
of the Franklin system we have that F'(z) is a quadratic polynomial on

(3.11)
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the interval J. Now for k = [log, §] + 1 we split J into dyadic intervals
{J;} of the length ‘QL,J Using (3.11) we get

o
(3.12) i n(AN ) > CLI} > 4
and by the definition of the intervals J; we have
) )
(3.13) 6/ = il = glJl.

From (3.12) and (3.13) follows that there exist points {a;}}_; C AN J
with

52 ,
(314) aiH—aiZ @‘J’, Z:1,2,3,
which together with (3.1) implies

C 1
3.15 Fle)| < 5, 1= 1,2,
(3.15) O
where

(52

(3.16) c1,00 € J and | — | > §|J|

Since F”(x) is linear on the interval J, from (3.15) and (3.16) we obtain

1
(3.17) P <Sl e

| < 5] J.
From (3.1), (3.11) and (3.17) we get
(3.18) |F(z)| < 50 x € J,

which together with (3.10) implies (3 9).
Observe that by (2.6) we have Z(] i @) + |2 (z)]) < +00 ae. on

0,1] hence we can suppose that 2”’] +1 < mn <2 5 =01, ...
Each f, is piecewise linear on [0, 1], hence by (2.1) — (2.5) we have

319

/|f~ Nar<C [ 1Fy@lae<c [ 1Fyte !dw<0’/|f~ )[2de.
{n// {n//

From (3.9), (3.19) and Levi’s theorem we get
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(3.20) Z|f~ )| < 400 a.e. on [0, 1].

Let v be a positive number. We denote by INIQ the concentric interval

with If with u(I}) = (1+2y)u(I}) and let B = |J JI}. Clearly
k=0 <

(3.21) u(B) < (14 27)u(B)

Next, for fixed m and k£ > m we have

(3.22) #{j: nj] =k, {n;} C I} < 2u(1},),
hence from (2.6) and (3.22) we have

(3.23) >, @< Cu)r e e g I,

[n}]=k, {n}}CI},

where p(z, I)) is the distance of x from the interval I’ . Using (3.23)
we get

[ Siea= [ XYY X s

[01\B " 0INB " 0 i k=0 [nl)=k, {n}}cI},

iZi/ > @l <

(3.24) C Y uir) 32 [ < e
Y|

From (3.24) and Levi’s theorem we get

Z|f )| < +o0 a.e. on [0,1]\ B.

Since 7y is arbitrary positive number we get

(3.25) Zlf )| < 00 a.e. on [0,1]\ B.
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Taking into account that § is arbitrary from (3.25), (3.2) and (3.5) we
get

(3.26) > | (2)] < +o0 ae. on E,
which combined with (3.20) implies
Z | fn ()| < 400 a.e. on [0,1].
=0
Lemma 3.1 is proved. U

4. PROOFS OF THE THEOREMS

Proof of Theorem 1. First we prove assertion 1). Let 7(I') < oo,
f € Cl0,1] and let the number € > 0 be fixed. Denote

(4'1) Ta(f)(x) = Z Cn(f)ﬁ%(z)7 S [O’ 1]7

len (F)yml>e
and
N(e) :=min{N € N: |c,(f)] <e, Vn> N}
Then
(4.2) {neN: |e,(f)ml >} C{1,2,...,N(e)},
(4.3) S <lewel =0, ase — 0.
YN (e)

Using (2.7) and the monotonicity of I' we get

1Sne) (f) = T=(H)lle = > en(F) ()| <
n<N(E), len(f)ml<e .
logy N1 .
(4.4) Ce Y —+C—,

k=0 rYnk IYN(E)
where nj, = 281 If I := [log, 7(T)]+1, then

Dkslo (), k=0,1,...,[logy N(&)] — lop — 1,
Nk

which implies
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(4.5) T 9 k=0,1,...,[log, N(e)] — lo — 1,
’ynkﬂo
therefore
[logs N(g)]-1 1 lo—1 1
— < — <
k=0 T r=0 k=r(mod lo) T

lo—1
1 1 1 C
(4.6) ( — 4+ — +...+1> < ,

for some indices i,, r = 0,1, ..., o — 1.
From (4.4), (4.6) and (4.3) follows that

[[Sn@) (f) = T=(f)|lc = 0, as e — 0.
Since || f — S (f)|lc = 0, we get
@7) 1f = Tu()llc — 0, as = = 0.

If the set D(f,Fw,') contains only one permutation, then for any

N € N there exists ¢ = ¢(N) > 0 such that Gy(f) = T-(f), hence

A}im l|lf =Gn(f)|lc =0. In the case #D(f,Foo,I') > 1 forn =0,1,...,
—00

we denote
(4.8)
Qg =0, 0(f) = Qn = {k € Z\(QU..U% 1) = |ecr(F)] = Pmen(H)]},

and if Q,, # 0, we denote w, = max,. Now if #, > 1 using the
same ideas as we show (4.6) we will have

Z |Ck‘ | - |7wncwn | Z _|fk

keQly keQln

(4.9) |Veon Cn (f |Z _|fk )| < Clew, (f)], = €10,1],

which together with (4.7) completes the proof of the first part of The-
orem 1.4.

Now we proceed to prove assertion 2).

Let 7(I') = oo. We denote {A,, }32, := {{A}, }2 5 122, and M;
278 7 =1,2,... Let Q; be the resultmg polynomial of Lemma 2.4 Wlth
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initial conditions A = A,,,, po = 1 and M = M;. We put p; = 1 and
for 7 = 2,3, ... inductively define polynomials (); and numbers p; where

(410) Pj = Pj-1 + max Sij_l +1
and (); is the resulting polynomial of Lemma 2.4 with initial conditions
A=A, po=p;and M = M;.

Next, for £k = 1,2, ... we denote

(411) = Y

—9—k
‘An]|_2

From the choice of the numbers M; and the second condition of Lemma
2.4 follows

(4.12) fille < 027",

Since #D(Q;, T, I') =1 for j = 1,2, ..., from (4.10) and monotonicity
of I' we have #D(fr,Fo, ) =1, for k=1,2, ..
We denote

f(l’) = ka(x)v T e [07 1]

and prove that f satisfies the theorem.
First of all from (4.12) follows that f € C|0,1]. From construction
of f follows that #D(f,Fx,I') =1 and if 0 € D(f,F, ') then

(4.13) olepg, € D(Qj, Foor T), j=1,2,...
Suppose that for some E C (0,1) with u(£) > 0 the limit

lim Gy (f)(z) exists if z € E.
N—oo

According to the Egorov theorem there exists a set Fy C E of positive
measure such that Gy (f)(z) converges uniformly on Ey. Take a density
point zy € Eyand denote B ={j € N: z¢ € Anj}. From the definition
of density point, uniform convergence of the greedy approximants on
Ey and (4.13) follows that there exists a set By C B such that if j € By
then

(4.14) 1(An; N Eg) > (1= c)u(An,),
and
(4.15) (@) () < ¢, x € Ey,

where ¢ is a constant from the third item of Lemma 2.4.
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The inequalities (4.14) and (4.15) contradicts the third item of Lemma
2.4.
Theorem 1 is proved. [

Proof of Theorem 2. The necessity part obviously follows from
the first part of Theorem 1. Now we prove the sufficiency. Since the
condition f € L'(0,1) does not imply that Fourier-Franklin coefficients
of f tend to 0, the methods from the proof of Theorem 1 do not work
in this case. In order to apply the technique of Theorem 1 we adjust
the set of coefficients of f in appropriate way.

Let 7(T') < oo and f € L'(0,1). We denote

1
Ag=0, A, ={keZ,  \ (A U...UA, 1) : |a(f)] > ﬁ}’ n=12..
We will consider only A,, with infinite cardinality. For this aim denote

0, if #A, < oo,
vln) = {n, if #A,=o.

From the definition of 1)(n) follows that Ay, is either empty or an
infinite set. Since the Fourier-Franklin series of f converges to f a.e.
on [0, 1], by Theorem A we get

Z FA(z) < n? Z lek(f) fo()]? < +00 a.e. on [0,1],

k€AY () k€AY m)

which together with Lemma 3.1 implies that convergence in the blocks
Ay(n) s absolute.

Now we fix an arbitrary 6 > 0 and let Ny > 1 be chosen so that
lci(f)] < 0 for any k € Ay with n > Ny. Denote B :=Z \ (Ayq) U
LU A¢(N0)) and

N(e):=min{N € B: |co(f)m| <e, Vn > N, n€ B}, € > 0.

Clearly
(4.16) {ne€B: |co(f)m] >} C{1,2,....,N(¢)},
(4.17) < lene (-

TN (e)
Now we split the sums 7.(f)(z) and S (f)(x), where T.(f) is defined

as (4.1), into two parts in the following way:
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T(f)x)= > ealf)fale)+ 3,
n€B:|en (f)yn|>e
N(e) _
S (N@) = D calf)fale) + 5.
We have e
| T-(f)(z) — Snie) () (@) < [E1 — Bo|+

N(e)
Yo @ = D el
nEB: |cn(f)yn|>e n=0, neB

Since Nj is fixed and the convergence in the blocks Ay ) is absolute,
we get that the first difference tends to 0 a.e. on [0,1] as ¢ — 0. By
the same methods as in the proof of the first part of Theorem 1 we get
that the second difference is less than Cley)(f)| < C6, when € > 0 is
sufficiently small. Since ¢ is arbitrary we get that T.(f)(x) converges
to f a.e. on [0,1] as e — 0.

As in the proof of the first part of Theorem 1.4 observe that if the set
D(f,F, ') contains only one permutation, then for any N € N there
exists ¢ = (V) > 0 such that Gy (f) = T.(f), hence ]\}gr(l)o Gn(f)(z) =

f(z) a.e. on [0,1]. In the case #D(f,Fo,I') > 1 fix m € N and denote
By = Apy U .o U Ayimys 9m = f— X cu(f)fn and let Q,(gm) be

neEBm
defined as in (4.8), n =0,1,2,... . Since the convergence in the blocks

Ayny is absolute the proof completes once we observe that

éi_rgogi_}rgosup Z |ck(gm) fe(z)| = 0 a.e. on [0, 1].
k€Qn (gm)
The latter follows from (4.9) and the definition of the sets B,, and
Ayn)-
Theorem 2 is proved. [

Remark 4.1. The methods developed in the paper are applicable for
wavelet systems. For wavelet systems with the order of decay W

for some e >0, in 9] a function from L*>°(R) was constructed such that
greedy algorithm in L™ diverges a.e. Putting together the approach de-
veloped in Lemma 2 of [9] and our Lemmas 2.2 and 2.4 we can construct
a continuous function with the same property, if the wavelet in addition
1S continuous.
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